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ʆʙʳʢʥʦʚʝʥʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ. 

 

 ʈʝʰʝʥʠʝ ʨʘʟʣʠʯʥʳʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ, ʬʠʟʠʯʝʩʢʠʭ ʠ ʠʥʞʝʥʝʨʥʳʭ ʟʘʜʘʯ ʯʘʩʪʦ 

ʧʨʠʚʦʜʷʪ ʢ ʫʨʘʚʥʝʥʠʷʤ, ʢʦʪʦʨʳʝ ʩʚʷʟʳʚʘʶʪ ʥʝʟʘʚʠʩʠʤʳʝ ʧʝʨʝʤʝʥʥʳʝ, 

ʭʘʨʘʢʪʝʨʠʟʫʶʱʠʝ ʪʫ ʠʣ ʠʥʫʶ ʟʘʜʘʯʫ, ʩ ʢʘʢʦʡ ï ʣʠʙʦ ʬʫʥʢʮʠʝʡ ʵʪʠʭ ʧʝʨʝʤʝʥʥʳʭ ʠ 

ʧʨʦʠʟʚʦʜʥʳʤʠ ʵʪʦʡ ʬʫʥʢʮʠʠ ʨʘʟʣʠʯʥʳʭ ʧʦʨʷʜʢʦʚ. 

 ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ ʤʦʞʥʦ ʨʘʩʩʤʦʪʨʝʪʴ ʧʨʦʩʪʝʡʰʠʡ ʩʣʫʯʘʡ ʨʘʚʥʦʫʩʢʦʨʝʥʥʦʛʦ 

ʜʚʠʞʝʥʠʷ ʤʘʪʝʨʠʘʣʴʥʦʡ ʪʦʯʢʠ. 

 ʀʟʚʝʩʪʥʦ, ʯʪʦ ʧʝʨʝʤʝʱʝʥʠʝ ʤʘʪʝʨʠʘʣʴʥʦʡ ʪʦʯʢʠ ʧʨʠ ʨʘʚʥʦʫʩʢʦʨʝʥʥʦʤ 

ʜʚʠʞʝʥʠʠ ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʝʡ ʚʨʝʤʝʥʠ ʠ ʚʳʨʘʞʘʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 

2

2

0

at
tVS +=  

 ɺ ʩʚʦʶ ʦʯʝʨʝʜʴ ʫʩʢʦʨʝʥʠʝ a ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʦʜʥʦʡ ʧʦ ʚʨʝʤʝʥʠ t ʦʪ ʩʢʦʨʦʩʪʠ V, 

ʢʦʪʦʨʘʷ ʪʘʢʞʝ ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʦʜʥʦʡ ʧʦ ʚʨʝʤʝʥʠ t ʦʪ ʧʝʨʝʤʝʱʝʥʠʷ S.  ʊ.ʝ. 

;;
2

2

dt

Sd

dt

dV
a

dt

dS
V ===  

 

ʊʦʛʜʘ ʧʦʣʫʯʘʝʤ: 
2

)(
)( 0

ttf
tVtfS

Ö¡¡
+==  - ʫʨʘʚʥʝʥʠʝ ʩʚʷʟʳʚʘʝʪ ʬʫʥʢʮʠʶ f(t) ʩ 

ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ t ʠ ʧʨʦʠʟʚʦʜʥʦʡ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʬʫʥʢʮʠʠ f(t). 

 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ ʥʘʟʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝ, 

ʩʚʷʟʳʚʘʶʱʝʝ ʥʝʟʘʚʠʩʠʤʳʝ ʧʝʨʝʤʝʥʥʳʝ, ʠʭ ʬʫʥʢʮʠʠ ʠ ʧʨʦʠʟʚʦʜʥʳʝ (ʠʣʠ 

ʜʠʬʬʝʨʝʥʮʠʘʣʳ) ʵʪʦʡ ʬʫʥʢʮʠʠ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʠʤʝʝʪ ʦʜʥʫ ʥʝʟʘʚʠʩʠʤʫʶ 

ʧʝʨʝʤʝʥʥʫʶ, ʪʦ ʦʥʦ ʥʘʟʳʚʘʝʪʩʷ ʦʙʳʢʥʦʚʝʥʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ, 

ʝʩʣʠ ʞʝ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ ʜʚʝ ʠʣʠ ʙʦʣʝʝ, ʪʦ ʪʘʢʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ 

ʫʨʘʚʥʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʅʘʠʚʳʩʰʠʡ ʧʦʨʷʜʦʢ ʧʨʦʠʟʚʦʜʥʳʭ, ʚʭʦʜʷʱʠʭ ʚ ʫʨʘʚʥʝʥʠʝ, 

ʥʘʟʳʚʘʝʪʩʷ ʧʦʨʷʜʢʦʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 

 

 ʇʨʠʤʝʨ. 

 

0583 =+-+¡ xyyx  - ʦʙʳʢʥʦʚʝʥʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 1 ï ʛʦ ʧʦʨʷʜʢʘ. ɺ 

ʦʙʱʝʤ ʚʠʜʝ ʟʘʧʠʩʳʚʘʝʪʩʷ 0),,( =¡yyxF . 

 

yx
dx

dy
xy

dx

yd
x =++ 2

2

2

 - ʦʙʳʢʥʦʚʝʥʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 2 ï ʛʦ ʧʦʨʷʜʢʘ. ɺ 

ʦʙʱʝʤ ʚʠʜʝ ʟʘʧʠʩʳʚʘʝʪʩʷ 0),,,( =¡¡¡yyyxF  

 

02 =
µ

µ
+

µ

µ

y

z
xy

x

z
y  - ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʧʝʨʚʦʛʦ 

ʧʦʨʷʜʢʘ. 
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 ʆʧʨʝʜʝʣʝʥʠʝ. ʆʙʱʠʤ ʨʝʰʝʥʠʝʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʥʘʟʳʚʘʝʪʩʷ 

ʪʘʢʘʷ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ ʬʫʥʢʮʠʷ y = j(x, C), ʢʦʪʦʨʘʷ ʧʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʚ ʠʩʭʦʜʥʦʝ 

ʫʨʘʚʥʝʥʠʝ ʚʤʝʩʪʦ ʥʝʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ ʦʙʨʘʱʘʝʪ ʫʨʘʚʥʝʥʠʝ ʚ ʪʦʞʜʝʩʪʚʦ. 

 

ʉʚʦʡʩʪʚʘ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ. 

 

 1) ʊ.ʢ. ʧʦʩʪʦʷʥʥʘʷ ʉ ï ʧʨʦʠʟʚʦʣʴʥʘʷ ʚʝʣʠʯʠʥʘ, ʪʦ ʚʦʦʙʱʝ ʛʦʚʦʨʷ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʠʤʝʝʪ ʙʝʩʢʦʥʝʯʥʦʝ ʤʥʦʞʝʩʪʚʦ ʨʝʰʝʥʠʡ. 

 

 2) ʇʨʠ ʢʘʢʠʭ- ʣʠʙʦ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʷʭ ʭ = ʭ0, ʫ(ʭ0) = ʫ0 ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ 

ʟʥʘʯʝʥʠʝ ʉ = ʉ0, ʧʨʠ ʢʦʪʦʨʦʤ ʨʝʰʝʥʠʝʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʷʚʣʷʝʪʩʷ 

ʬʫʥʢʮʠʷ ʫ = j(ʭ, ʉ0). 

 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʈʝʰʝʥʠʝ ʚʠʜʘ ʫ = j(ʭ, ʉ0) ʥʘʟʳʚʘʝʪʩʷ ʯʘʩʪʥʳʤ ʨʝʰʝʥʠʝʤ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɿʘʜʘʯʝʡ ʂʦʰʠ (ʆʛʶʩʪʝʥ ʃʫʠ ʂʦʰʠ (1789-1857)- ʬʨʘʥʮʫʟʩʢʠʡ 

ʤʘʪʝʤʘʪʠʢ) ʥʘʟʳʚʘʝʪʩʷ ʥʘʭʦʞʜʝʥʠʝ ʣʶʙʦʛʦ ʯʘʩʪʥʦʛʦ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʚʠʜʘ ʫ = j(ʭ, ʉ0), ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʛʦ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ ʫ(ʭ0) = ʫ0. 

 

 ʊʝʦʨʝʤʘ ʂʦʰʠ. (ʪʝʦʨʝʤʘ ʦ ʩʫʱʝʩʪʚʦʚʘʥʠʠ ʠ ʝʜʠʥʩʪʚʝʥʥʦʩʪʠ ʨʝʰʝʥʠʷ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 1- ʛʦ ʧʦʨʷʜʢʘ) 

 ɽʩʣʠ ʬʫʥʢʮʠʷ f(x, y) ʥʝʧʨʝʨʳʚʥʘ ʚ ʥʝʢʦʪʦʨʦʡ ʦʙʣʘʩʪʠ  D ʚ ʧʣʦʩʢʦʩʪʠ XOY ʠ 

ʠʤʝʝʪ ʚ ʵʪʦʡ ʦʙʣʘʩʪʠ ʥʝʧʨʝʨʳʚʥʫʶ ʯʘʩʪʥʫʶ ʧʨʦʠʟʚʦʜʥʫʶ ),( yxfy =¡ , ʪʦ ʢʘʢʦʚʘ ʙʳ 

ʥʝ ʙʳʣʘ ʪʦʯʢʘ (ʭ0, ʫ0) ʚ ʦʙʣʘʩʪʠ D, ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ )(xy j=  

ʫʨʘʚʥʝʥʠʷ ),( yxfy =¡ , ʦʧʨʝʜʝʣʝʥʥʦʝ ʚ ʥʝʢʦʪʦʨʦʤ ʠʥʪʝʨʚʘʣʝ, ʩʦʜʝʨʞʘʱʝʤ ʪʦʯʢʫ ʭ0, 

ʧʨʠʥʠʤʘʶʱʝʝ ʧʨʠ ʭ = ʭ0 ʟʥʘʯʝʥʠʝ j(ʭ0) = ʫ0, ʪ.ʝ. ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʀʥʪʝʛʨʘʣʦʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʥʘʟʳʚʘʝʪʩʷ ʣʶʙʦʝ 

ʫʨʘʚʥʝʥʠʝ, ʥʝ ʩʦʜʝʨʞʘʱʝʝ ʧʨʦʠʟʚʦʜʥʳʭ, ʜʣʷ ʢʦʪʦʨʦʛʦ ʜʘʥʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ 

ʫʨʘʚʥʝʥʠʝ ʷʚʣʷʝʪʩʷ ʩʣʝʜʩʪʚʠʝʤ. 

 

 ʇʨʠʤʝʨ.  ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 0=+¡ yyx . 

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʱʝʪʩʷ ʩ ʧʦʤʦʱʴʶ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ  ʣʝʚʦʡ ʠ ʧʨʘʚʦʡ ʯʘʩʪʝʡ ʫʨʘʚʥʝʥʠʷ, ʢʦʪʦʨʦʝ ʧʨʝʜʚʘʨʠʪʝʣʴʥʦ 

ʧʨʝʦʙʨʘʟʦʚʘʥʦ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

0=+y
dx

dy
x  

ydxxdy -=  

x

dx

y

dy
-=  

 ʊʝʧʝʨʴ ʠʥʪʝʛʨʠʨʫʝʤ:                ñ ñ-= x

dx

y

dy
 

0lnln Cxy +-=  

0lnln Cxy =+  

0ln Cxy=  
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Cexy
C
== 0  

                                                                 
x

C
y=  - ʵʪʦ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʠʩʭʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 

 ɼʦʧʫʩʪʠʤ, ʟʘʜʘʥʳ ʥʝʢʦʪʦʨʳʝ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ: x0 = 1; y0 = 2, ʪʦʛʜʘ ʠʤʝʝʤ 

;2;
1

2 == C
ʉ

 

 ʇʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʧʦʣʫʯʝʥʥʦʛʦ ʟʥʘʯʝʥʠʷ ʧʦʩʪʦʷʥʥʦʡ ʚ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʧʦʣʫʯʘʝʤ 

ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʧʨʠ ʟʘʜʘʥʥʳʭ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʷʭ (ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ). 

x
y

2
=  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʀʥʪʝʛʨʘʣʴʥʦʡ ʢʨʠʚʦʡ ʥʘʟʳʚʘʝʪʩʷ ʛʨʘʬʠʢ y = j(x) ʨʝʰʝʥʠʷ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ  ʥʘ ʧʣʦʩʢʦʩʪʠ ʍʆY. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʆʩʦʙʳʤ ʨʝʰʝʥʠʝʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʥʘʟʳʚʘʝʪʩʷ 

ʪʘʢʦʝ ʨʝʰʝʥʠʝ, ʚʦ ʚʩʝʭ ʪʦʯʢʘʭ ʢʦʪʦʨʦʛʦ ʫʩʣʦʚʠʝ ʝʜʠʥʩʪʚʝʥʥʦʩʪʠ ʂʦʰʠ (ʩʤ. ʊʝʦʨʝʤʘ 

ʂʦʰʠ. ) ʥʝ ʚʳʧʦʣʥʷʝʪʩʷ, ʪ.ʝ. ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʥʝʢʦʪʦʨʦʡ ʪʦʯʢʠ (ʭ, ʫ) ʩʫʱʝʩʪʚʫʝʪ ʥʝ ʤʝʥʝʝ 

ʜʚʫʭ ʠʥʪʝʛʨʘʣʴʥʳʭ ʢʨʠʚʳʭ.  

ʆʩʦʙʳʝ ʨʝʰʝʥʠʷ ʥʝ ʟʘʚʠʩʷʪ ʦʪ ʧʦʩʪʦʷʥʥʦʡ ʉ. 

 ʆʩʦʙʳʝ ʨʝʰʝʥʠʷ ʥʝʣʴʟʷ ʧʦʣʫʯʠʪʴ ʠʟ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʥʠ ʧʨʠ ʢʘʢʠʭ ʟʥʘʯʝʥʠʷʭ 

ʧʦʩʪʦʷʥʥʦʡ ʉ.  ɽʩʣʠ ʧʦʩʪʨʦʠʪʴ ʩʝʤʝʡʩʪʚʦ ʠʥʪʝʛʨʘʣʴʥʳʭ ʢʨʠʚʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ, ʪʦ ʦʩʦʙʦʝ ʨʝʰʝʥʠʝ ʙʫʜʝʪ ʠʟʦʙʨʘʞʘʪʴʩʷ ʣʠʥʠʝʡ, ʢʦʪʦʨʘʷ ʚ ʢʘʞʜʦʡ ʩʚʦʝʡ 

ʪʦʯʢʝ ʢʘʩʘʝʪʩʷ ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ ʦʜʥʦʡ ʠʥʪʝʛʨʘʣʴʥʦʡ ʢʨʠʚʦʡ. 

 ʆʪʤʝʪʠʤ, ʯʪʦ ʥʝ ʢʘʞʜʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʠʤʝʝʪ ʦʩʦʙʳʝ ʨʝʰʝʥʠʷ. 

 

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: .0=+¡ yy  

ʅʘʡʪʠ ʦʩʦʙʦʝ ʨʝʰʝʥʠʝ, ʝʩʣʠ ʦʥʦ ʩʫʱʝʩʪʚʫʝʪ. 

y
dx

dy
-=  

dx
y

dy
-=  

ñ ñ-= dx
y

dy
 

Cxy +-=ln  
Cx eey Ö= -  
xeCy -Ö= 1  

 ɼʘʥʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʠʤʝʝʪ ʪʘʢʞʝ ʦʩʦʙʦʝ ʨʝʰʝʥʠʝ ʫ = 0. ʕʪʦ 

ʨʝʰʝʥʠʝ ʥʝʚʦʟʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʠʟ ʦʙʱʝʛʦ, ʦʜʥʘʢʦ ʧʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʚ ʠʩʭʦʜʥʦʝ 

ʫʨʘʚʥʝʥʠʝ ʧʦʣʫʯʘʝʤ ʪʦʞʜʝʩʪʚʦ. ʄʥʝʥʠʝ, ʯʪʦ ʨʝʰʝʥʠʝ y = 0  ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʠʟ ʦʙʱʝʛʦ 

ʨʝʰʝʥʠʷ ʧʨʠ ʉ1 = 0 ʦʰʠʙʦʯʥʦ, ʚʝʜʴ C1 = e
C 

 ̧0. 

 

 

 ɼʘʣʝʝ ʨʘʩʩʤʦʪʨʠʤ ʧʦʜʨʦʙʥʝʝ ʧʨʠʝʤʳ ʠ ʤʝʪʦʜʳ, ʢʦʪʦʨʳʝ ʠʩʧʦʣʴʟʫʶʪʩʷ ʧʨʠ 

ʨʝʰʝʥʠʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʨʘʟʣʠʯʥʳʭ ʪʠʧʦʚ. 
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ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʥʘʟʳʚʘʝʪʩʷ 

ʩʦʦʪʥʦʰʝʥʠʝ, ʩʚʷʟʳʚʘʶʱʝʝ ʬʫʥʢʮʠʶ, ʝʝ ʧʝʨʚʫʶ ʧʨʦʠʟʚʦʜʥʫʶ ʠ ʥʝʟʘʚʠʩʠʤʫʶ 

ʧʝʨʝʤʝʥʥʫʶ, ʪ.ʝ. ʩʦʦʪʥʦʰʝʥʠʝ ʚʠʜʘ: 

0),,( =¡yyxF  

 

 ɽʩʣʠ ʪʘʢʦʝ ʩʦʦʪʥʦʰʝʥʠʝ ʧʨʝʦʙʨʘʟʦʚʘʪʴ ʢ ʚʠʜʫ ),( yxfy =¡  ʪʦ ʵʪʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʙʫʜʝʪ ʥʘʟʳʚʘʪʴʩʷ ʫʨʘʚʥʝʥʠʝʤ, 

ʨʘʟʨʝʰʝʥʥʳʤ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʨʦʠʟʚʦʜʥʦʡ. 
 

 ʇʨʝʦʙʨʘʟʫʝʤ ʪʘʢʦʝ ʚʳʨʘʞʝʥʠʝ ʜʘʣʝʝ: 

;0),(;),();,( =-== dydxyxfdxyxfdyyxf
dx

dy
 

ʌʫʥʢʮʠʶ f(x,y) ʧʨʝʜʩʪʘʚʠʤ ʚ ʚʠʜʝ: ;0),(,
),(

),(
),( ¸-= yxQ

yxQ

yxP
yxf  ʪʦʛʜʘ ʧʨʠ 

ʧʦʜʩʪʘʥʦʚʢʝ ʚ ʧʦʣʫʯʝʥʥʦʝ ʚʳʰʝ ʫʨʘʚʥʝʥʠʝ  ʠʤʝʝʤ: 

 

0),(),( =+ dyyxQdxyxP  

- ʵʪʦ ʪʘʢ ʥʘʟʳʚʘʝʤʘʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʘʷ ʬʦʨʤʘ ʫʨʘʚʥʝʥʠʷ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. 

 

ɼʘʣʝʝ ʨʘʩʩʤʦʪʨʠʤ ʧʦʜʨʦʙʥʝʝ ʪʠʧʳ ʫʨʘʚʥʝʥʠʡ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʠ ʤʝʪʦʜʳ ʠʭ 

ʨʝʰʝʥʠʷ. 

 

 

 

ʋʨʘʚʥʝʥʠʷ ʚʠʜʘ yô = f(x). 

 

 ʇʫʩʪʴ ʬʫʥʢʮʠʷ f(x) ï ʦʧʨʝʜʝʣʝʥʘ ʠ ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʥʝʢʦʪʦʨʦʤ ʠʥʪʝʨʚʘʣʝ 

a < x < b. ɺ ʪʘʢʦʤ ʩʣʫʯʘʝ ʚʩʝ ʨʝʰʝʥʠʷ ʜʘʥʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 

ʥʘʭʦʜʷʪʩʷ ʢʘʢ Cdxxfy +=ñ )( . ɽʩʣʠ ʟʘʜʘʥʳ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ ʭ0 ʠ ʫ0, ʪʦ ʤʦʞʥʦ 

ʦʧʨʝʜʝʣʠʪʴ ʧʦʩʪʦʷʥʥʫʶ ʉ. 

 

 

ʋʨʘʚʥʝʥʠʷ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ),( yxfy =¡ ʥʘʟʳʚʘʝʪʩʷ 

ʫʨʘʚʥʝʥʠʝʤ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ, ʝʩʣʠ ʝʛʦ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ 

)()( yxy ba=¡ . 

 

 

 ʊʘʢʦʝ ʫʨʘʚʥʝʥʠʝ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʪʘʢʞʝ ʚ ʚʠʜʝ: 

 

;0)(0)(
)(

;0)()(;0)()( ¸b=a-
b

=ba-=ba-¡ yʧʨʠdxx
y

dy
dxyxdyyxy  

ʇʝʨʝʡʜʝʤ ʢ ʥʦʚʳʤ ʦʙʦʟʥʘʯʝʥʠʷʤ );(
)(

1
);()( yY

y
xXx =
b

-=a  

 

ʇʦʣʫʯʘʝʤ:                                          ;0)()( =+ dyyYdxxX  
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CdyyYdxxX =+ññ )()(  

 

 ʇʦʩʣʝ ʥʘʭʦʞʜʝʥʠʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʠʥʪʝʛʨʘʣʦʚ ʧʦʣʫʯʘʝʪʩʷ ʦʙʱʝʝ ʨʝʰʝʥʠʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ. 

 ɽʩʣʠ ʟʘʜʘʥʳ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ, ʪʦ ʧʨʠ ʠʭ ʧʦʜʩʪʘʥʦʚʢʝ ʚ ʦʙʱʝʝ ʨʝʰʝʥʠʝ 

ʥʘʭʦʜʠʪʩʷ ʧʦʩʪʦʷʥʥʘʷ ʚʝʣʠʯʠʥʘ ʉ, ʘ, ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʠ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ. 

 

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 
y

x
yy

cos

2-
=¡  

 

  

x
dx

dy
yy 2cos -=Ö  

xdxydyy 2cos -=  

ññ -= xdxydyy 2cos  

 

ʀʥʪʝʛʨʘʣ, ʩʪʦʷʱʠʡ ʚ ʣʝʚʦʡ ʯʘʩʪʠ, ʙʝʨʝʪʩʷ ʧʦ ʯʘʩʪʷʤ (ʩʤ. ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ ʧʦ ʯʘʩʪʷʤ.): 

 

yyyydyyy
yvdydu

ydydvyu
ydyy cossinsinsin

sin;

;cos;
cos +=-=

ý
ü
û

í
ì
ë

==

==
= ññ  

 

Cxyyy +-=+ 2cossin  

0cossin 2 =+++ Cxyyy  

- ʵʪʦ  ʝʩʪʴ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʠʩʭʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʪ.ʢ. ʠʩʢʦʤʘʷ 
ʬʫʥʢʮʠʷ ʠ ʥʝ ʚʳʨʘʞʝʥʘ ʯʝʨʝʟ ʥʝʟʘʚʠʩʠʤʫʶ ʧʝʨʝʤʝʥʥʫʶ. ɺ ʵʪʦʤ ʠ ʟʘʢʣʶʯʘʝʪʩʷ 

ʦʪʣʠʯʠʝ ʦʙʱʝʛʦ (ʯʘʩʪʥʦʛʦ) ʠʥʪʝʛʨʘʣʘ ʦʪ ʦʙʱʝʛʦ (ʯʘʩʪʥʦʛʦ) ʨʝʰʝʥʠʷ. 

 

ʏʪʦʙʳ ʧʨʦʚʝʨʠʪʴ ʧʨʘʚʠʣʴʥʦʩʪʴ ʧʦʣʫʯʝʥʥʦʛʦ ʦʪʚʝʪʘ ʧʨʦʜʠʬʬʝʨʝʥʮʠʨʫʝʤ ʝʛʦ ʧʦ 

ʧʝʨʝʤʝʥʥʦʡ ʭ. 

02sincossin =+¡-¡+¡ xyyyyyyy  

y

x
yy

cos

2
-=¡  - ʚʝʨʥʦ 

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ y
y

y
ln=

¡
 ʧʨʠ ʫʩʣʦʚʠʠ 

ʫ(2) = 1. 

 

y
dy

ydx
ln=  

y

ydy
dx

ln
=  

ññ=
y

ydy
dx

ln
 

ñ=+ )(lnln yydCx  
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2

ln 2 y
Cx =+  

ʧʨʠ ʫ(2) = 1 ʧʦʣʫʯʘʝʤ ;2;02;
2

1ln
2

2

-=Ý=+Ý=+ CCC  

ʀʪʦʛʦ: ;ln)2(2 2 yx =-    ʠʣʠ 42 -°= xey  - ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ; 

 

 ʇʨʦʚʝʨʢʘ: 
422

242

-°
Ö=¡ -°

x
ey x  , ʠʪʦʛʦ 

 

yx
e

xe

y

y
x

x

ln42
)42(

42

42

=-°=
-°

=
¡ -°

-°

 - ʚʝʨʥʦ. 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .3
2

yy =¡  

3
2

y
dx

dy
=  

dxdyy =
-

3
2

 

ññ =
-

dxdyy 3
2

 

Cxy +=3
1

3  

                                                                3)(27 Cxy += - ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ 

                                                                3)(
27

1
Cxy +=  - ʦʙʱʝʝ ʨʝʰʝʥʠʝ 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ ).1( 2+=¡ yxy  

 

ñ ñ=+
=

+
;

1
;

1 22
dx

y

dy
dx

y

dy
 

;
2

;
2

22

öö
÷

õ
ææ
ç

å
+=+= C

x
tgyC

x
arctgy  

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ 0=+
¡ ye

x

yy
ʧʨʠ ʫʩʣʦʚʠʠ ʫ(1) = 0. 

0=+ yxe
dx

ydy
 

;;0 xdxdy
e

y
dxxeydy

y

y -==+  

;ññ -= xdxdy
e

y
y

 

ʀʥʪʝʛʨʘʣ, ʩʪʦʷʱʠʡ ʚ ʣʝʚʦʡ ʯʘʩʪʠ ʙʫʜʝʤ ʙʨʘʪʴ ʧʦ ʯʘʩʪʷʤ (ʩʤ.  ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ 

ʧʦ ʯʘʩʪʷʤ. ). 

);1(
;;

;;
+-=--=---=

îý

î
ü
û

îí

î
ì
ë

-==

==
= ---

-

-

ññ yeeyedyeye
evdydu

dvdyeyu
dyye yyyyy

y

y

y  
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;
2

)1( 0

2

C
x

ye y +=+-  

Cxye y +=+- 2)1(2  

 

 ɽʩʣʠ ʫ(1) = 0, ʪʦ ;1;12;1)10(2 0 =Ý+=Ý+=+ CCCe  

 

 ʀʪʦʛʦ, ʯʘʩʪʥʳʡ ʠʥʪʝʛʨʘʣ: 1)1(2 2+=+- xye y . 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ )sin()sin( yxyxy -=++¡ . 

 

0)sin()sin( =--++¡ yxyxy  

 

0
2

cos
2

sin2 =
++----

-¡
yxyxyxyx

y  

0cos)sin(2 =--¡ xyy  

0cossin2 =+¡ xyy  

ñ ñ-=-= ;cos2
sin

;cos2
sin

xdx
y

dy
xdx

y

dy
 

 

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʠʥʪʝʛʨʘʣʘ, ʩʪʦʷʱʝʛʦ ʚ ʣʝʚʦʡ ʯʘʩʪʠ ʫʨʘʚʥʝʥʠʷ ʩʤ. ʊʘʙʣʠʮʘ ʦʩʥʦʚʥʳʭ 

ʠʥʪʝʛʨʘʣʦʚ. ʧ.16. ʇʦʣʫʯʘʝʤ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ: 

Cx
y

tg +-= sin2
2

ln  

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ 02
2

=
¡

+-

y

y
xe x  

ʇʨʝʦʙʨʘʟʫʝʤ ʟʘʜʘʥʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

02
2

=+-

ydx

dy
xe x  

02
2

=+-

y

dy
dxxe x  

C
y

dy
dxxe x =+ññ

- 2

2  

Cye x =+- - ln
2

 

 ʇʦʣʫʯʠʣʠ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʜʘʥʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. ɽʩʣʠ ʠʟ 

ʵʪʦʛʦ ʩʦʦʪʥʦʰʝʥʠʷ ʚʳʨʘʟʠʪʴ ʠʩʢʦʤʫʶ ʬʫʥʢʮʠʶ ʫ, ʪʦ ʧʦʣʫʯʠʤ ʦʙʱʝʝ ʨʝʰʝʥʠʝ. 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ )1( 2+=¡ yxy . 

 

)1( 2+= yx
dx

dy
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xdx
y

dy
=

+12
 

ñ ñ=+
xdx

y

dy

12
;          C

x
arctgy +=

2

2

; 

öö
÷

õ
ææ
ç

å
+= C

x
tgy

2

2

 

ɼʦʧʫʩʪʠʤ, ʟʘʜʘʥʳ ʥʝʢʦʪʦʨʳʝ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ ʭ0 ʠ ʫ0. ʊʦʛʜʘ: 

;
2

;
2

2

0

000

2

0

0

x
arctgyCC

x
arctgy -=Ý+=  

 

ʇʦʣʫʯʘʝʤ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ .
22

2

0

0

2

ö
ö

÷

õ

æ
æ

ç

å
-+=

x
arctgy

x
tgy  

 

 

ʆʜʥʦʨʦʜʥʳʝ ʫʨʘʚʥʝʥʠʷ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ.  ʌʫʥʢʮʠʷ f(x, y) ʥʘʟʳʚʘʝʪʩʷ ʦʜʥʦʨʦʜʥʦʡ n ï ʛʦ ʠʟʤʝʨʝʥʠʷ 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʚʦʠʭ ʘʨʛʫʤʝʥʪʦʚ ʭ ʠ ʫ, ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʟʥʘʯʝʥʠʷ ʧʘʨʘʤʝʪʨʘ t (ʢʨʦʤʝ 

ʥʫʣʷ) ʚʳʧʦʣʥʷʝʪʩʷ ʪʦʞʜʝʩʪʚʦ: 

).,(),( yxfttytxf n=  

  

 

 ʇʨʠʤʝʨ.   ʗʚʣʷʝʪʩʷ ʣʠ ʦʜʥʦʨʦʜʥʦʡ ʬʫʥʢʮʠʷ  ?3),( 23 yxxyxf +=  

 

),()3(3)(3)(),( 3233233323 yxftyxxtyxtxttytxtxtytxf =+=+=+=  

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʬʫʥʢʮʠʷ f(x, y) ʷʚʣʷʝʪʩʷ ʦʜʥʦʨʦʜʥʦʡ 3- ʛʦ ʧʦʨʷʜʢʘ. 

 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ ),( yxfy =¡ ʥʘʟʳʚʘʝʪʩʷ 

ʦʜʥʦʨʦʜʥʳʤ, ʝʩʣʠ ʝʛʦ ʧʨʘʚʘʷ ʯʘʩʪʴ f(x, y) ʝʩʪʴ ʦʜʥʦʨʦʜʥʘʷ ʬʫʥʢʮʠʷ ʥʫʣʝʚʦʛʦ 

ʠʟʤʝʨʝʥʠʷ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʚʦʠʭ ʘʨʛʫʤʝʥʪʦʚ. 

 

 ʃʶʙʦʝ ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ 0),(),( =+ dyyxQdxyxP  ʷʚʣʷʝʪʩʷ ʦʜʥʦʨʦʜʥʳʤ, ʝʩʣʠ 

ʬʫʥʢʮʠʠ P(x, y) ʠ Q(x, y) ï ʦʜʥʦʨʦʜʥʳʝ ʬʫʥʢʮʠʠ ʦʜʠʥʘʢʦʚʦʛʦ ʠʟʤʝʨʝʥʠʷ. 

 

 ʈʝʰʝʥʠʝ ʣʶʙʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʦʩʥʦʚʘʥʦ ʥʘ ʧʨʠʚʝʜʝʥʠʠ ʵʪʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʢ ʫʨʘʚʥʝʥʠʶ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ. 

  

 ʈʘʩʩʤʦʪʨʠʤ ʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ ).,( yxfy =¡  

ʊ.ʢ. ʬʫʥʢʮʠʷ f(x, y) ï ʦʜʥʦʨʦʜʥʘʷ ʥʫʣʝʚʦʛʦ ʠʟʤʝʨʝʥʠʷ, ʪʦ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ: 

).,(),( yxftytxf =  

 

ʊ.ʢ. ʧʘʨʘʤʝʪʨ t ʚʦʦʙʱʝ ʛʦʚʦʨʷ ʧʨʦʠʟʚʦʣʴʥʳʡ, ʧʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ 
x

t
1
= . ʇʦʣʫʯʘʝʤ: 

ö
÷

õ
æ
ç

å
=

x

y
fyxf ,1),(  
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 ʇʨʘʚʘʷ ʯʘʩʪʴ ʧʦʣʫʯʝʥʥʦʛʦ ʨʘʚʝʥʩʪʚʘ ʟʘʚʠʩʠʪ ʬʘʢʪʠʯʝʩʢʠ ʪʦʣʴʢʦ ʦʪ ʦʜʥʦʛʦ 

ʘʨʛʫʤʝʥʪʘ 
x

y
u= , ʪ.ʝ. 

);(),( u
x

y
yxf j=ö

÷

õ
æ
ç

å
j=  

ʀʩʭʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʪʘʢʠʤ ʦʙʨʘʟʦʤ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ: 

)(uy j=¡  

ɼʘʣʝʝ ʟʘʤʝʥʷʝʤ y = ux, xuxuy ¡+¡=¡ . 

 

;
)(

);();(
x

uu
uuuxuuxuxu

-j
=¡j=+¡j=¡+¡  

ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦʣʫʯʠʣʠ ʫʨʘʚʥʝʥʠʝ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ ʦʪʥʦʩʠʪʝʣʴʥʦ 

ʥʝʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ u. 

ñ ñ +=
-j

=
-j

;
)(

;
)(

C
x

dx

uu

du

x

dx

uu

du
 

 

ɼʘʣʝʝ, ʟʘʤʝʥʠʚ ʚʩʧʦʤʦʛʘʪʝʣʴʥʫʶ ʬʫʥʢʮʠʶ u ʥʘ ʝʝ ʚʳʨʘʞʝʥʠʝ ʯʝʨʝʟ ʭ ʠ ʫ ʠ 

ʥʘʡʜʷ ʠʥʪʝʛʨʘʣʳ, ʧʦʣʫʯʠʤ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ. 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ ö
÷

õ
æ
ç

å
+=¡ 1ln

x

y

x

y
y . 

 

ɺʚʝʜʝʤ ʚʩʧʦʤʦʛʘʪʝʣʴʥʫʶ ʬʫʥʢʮʠʶ u. 

uxuyuxy
x

y
u +¡=¡== ;; . 

ʆʪʤʝʪʠʤ, ʯʪʦ ʚʚʝʜʝʥʥʘʷ ʥʘʤʠ ʬʫʥʢʮʠʷ u ʚʩʝʛʜʘ ʧʦʣʦʞʠʪʝʣʴʥʘ, ʪ.ʢ. ʚ ʧʨʦʪʠʚʥʦʤ 

ʩʣʫʯʘʝ ʪʝʨʷʝʪ ʩʤʳʩʣ ʠʩʭʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʩʦʜʝʨʞʘʱʝʝ 
x

y
u lnln = . 

ʇʦʜʩʪʘʚʣʷʝʤ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ:  

 

;ln;ln);1(ln uuxuuuuuxuuuuxu =¡+=+¡+=+¡  

 

ʈʘʟʜʝʣʷʝʤ ʧʝʨʝʤʝʥʥʳʝ: ñ ñ== ;
ln

;
ln x

dx

uu

du

x

dx

uu

du
 

 

ʀʥʪʝʛʨʠʨʫʷ, ʧʦʣʫʯʘʝʤ: ;;ln;lnlnln CxeuCxuCxu ==+=  

 

ʇʝʨʝʭʦʜʷ ʦʪ ʚʩʧʦʤʦʛʘʪʝʣʴʥʦʡ ʬʫʥʢʮʠʠ ʦʙʨʘʪʥʦ ʢ ʬʫʥʢʮʠʠ ʫ, ʧʦʣʫʯʘʝʤ ʦʙʱʝʝ ʨʝʰʝʥʠʝ: 

 

.Cxxey=  
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ʋʨʘʚʥʝʥʠʷ, ʧʨʠʚʦʜʷʱʠʝʩʷ ʢ ʦʜʥʦʨʦʜʥʳʤ. 

 

 ʂʨʦʤʝ ʫʨʘʚʥʝʥʠʡ, ʦʧʠʩʘʥʥʳʭ ʚʳʰʝ, ʩʫʱʝʩʪʚʫʝʪ ʢʣʘʩʩ ʫʨʘʚʥʝʥʠʡ, ʢʦʪʦʨʳʝ ʩ 

ʧʦʤʦʱʴʶ ʦʧʨʝʜʝʣʝʥʥʳʭ ʧʦʜʩʪʘʥʦʚʦʢ ʤʦʛʫʪ ʧʨʠʚʝʜʝʥʳ ʢ ʦʜʥʦʨʦʜʥʳʤ. 

 

 ʕʪʦ ʫʨʘʚʥʝʥʠʷ ʚʠʜʘ öö
÷

õ
ææ
ç

å

++

++
=¡

111 cybxa

cbyax
fy . 

ɽʩʣʠ ʦʧʨʝʜʝʣʠʪʝʣʴ ,0
11

¸
ba

ba
 ʪʦ ʧʝʨʝʤʝʥʥʳʝ ʤʦʛʫʪ ʙʳʪʴ ʨʘʟʜʝʣʝʥʳ ʧʦʜʩʪʘʥʦʚʢʦʡ 

;; b+=a+= vyux  

ʛʜʝ a ʠ b - ʨʝʰʝʥʠʷ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ 
í
ì
ë

=++

=++

0

0

111 cybxa

cbyax
 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .0)12()32( =-+++- dxyxdyyx  

ʇʦʣʫʯʘʝʤ ;
32

12
;12)32(

+-

+--
=+--=+-

yx

yx

dx

dy
yx

dx

dy
yx  

 

ʅʘʭʦʜʠʤ ʟʥʘʯʝʥʠʝ ʦʧʨʝʜʝʣʠʪʝʣʷ 0514
21

12
¸=+=

-

--
. 

ʈʝʰʘʝʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ ;
5/7

5/1
;

0342

21
;

032

012

í
ì
ë

=

-=

í
ì
ë

=++-

-=

í
ì
ë

=+-

=+--

y

x

xx

xy

yx

yx
 

 

ʇʨʠʤʝʥʷʝʤ ʧʦʜʩʪʘʥʦʚʢʫ ;5/7;5/1 +=-= vyux  ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

 

;0)15/75/22()35/1425/1( =-++-++--- duvudvvu  

;0)2()2( =++- duvudvvu  

;
1/2

/2

2

2

-

+
=

-

+
=

uv

uv

uv

vu

du

dv
 

ɿʘʤʝʥʷʝʤ ʧʝʨʝʤʝʥʥʫʶ ;;; tutvutvt
u

v
+¡=¡==  ʧʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʚ ʚʳʨʘʞʝʥʠʝ, 

ʟʘʧʠʩʘʥʥʦʝ ʚʳʰʝ, ʠʤʝʝʤ: 

12

2

-

+
=+¡

t

t
tut  

 

ʈʘʟʜʝʣʷʝʤ  ʧʝʨʝʤʝʥʥʳʝ: ;
12

)1(2

12

22

12

2 22

-

-+
=

-

+-+
=-

-

+
=

t

tt

t

ttt
t

t

t
u

du

dt
 

 

ñ ñ -+

-
-=

-+

-
Ö-= ;

1

)21(

2

1
;

1

21

2

1
22 tt

dtt

u

du
dt

tt

t

u

du
 

 

1

2 lnln1ln
2

1
Cutt +=-+-  

uCtt 1

2 ln21ln -=-+  
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;1;ln1ln
2

22

2

22

u

C
tt

u

C
tt =-+=-+  

ʇʝʨʝʭʦʜʠʤ ʪʝʧʝʨʴ ʢ ʧʝʨʚʦʥʘʯʘʣʴʥʦʡ ʬʫʥʢʮʠʠ ʫ ʠ ʧʝʨʝʤʝʥʥʦʡ ʭ. 

;5/1;
15

75

5/1

5/7
+=

+

-
=

+

-
== xu

x

y

x

y

u

v
t  

 

;
)15(

25

15

75

15

75
1

2

2

2

+
=ö

÷

õ
æ
ç

å

+

-
-

+

-
+

x

C

x

y

x

y
 

2

22 25)75()15)(75()15( Cyxyx =--+-++  

2

22 2549702573552511025 Cyyxyxyxx =-+---++++  

7149252575252525 2

22 +-+=-++- Cyyxyxx  

;
25

55
3 2

22 CCyyxyxx =+=-++-  

 

ʀʪʦʛʦ, ʚʳʨʘʞʝʥʠʝ Cyyxyxx =-++- 22 3  ʷʚʣʷʝʪʩʷ ʦʙʱʠʤ ʠʥʪʝʛʨʘʣʦʤ ʠʩʭʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 

 

 ɺ ʩʣʫʯʘʝ ʝʩʣʠ ʚ ʠʩʭʦʜʥʦʤ ʫʨʘʚʥʝʥʠʠ ʚʠʜʘ öö
÷

õ
ææ
ç

å

++

++
=¡

111 cybxa

cbyax
fy  ʦʧʨʝʜʝʣʠʪʝʣʴ 

,0
11

=
ba

ba
 ʪʦ ʧʝʨʝʤʝʥʥʳʝ ʤʦʛʫʪ ʙʳʪʴ ʨʘʟʜʝʣʝʥʳ ʧʦʜʩʪʘʥʦʚʢʦʡ 

.tbyax =+  

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .0)133()(2 =-+++ dxyxdyyx  

 

ʇʦʣʫʯʘʝʤ ;
22

133

22

133
;133)(2

yx

yx

yx

yx

dx

dy
yx

dx

dy
yx

+

-+
-=

+

+--
=+--=+  

ʅʘʭʦʜʠʤ ʟʥʘʯʝʥʠʝ ʦʧʨʝʜʝʣʠʪʝʣʷ ;066
22

33
=+-=

--
 

ʇʨʠʤʝʥʷʝʤ ʧʦʜʩʪʘʥʦʚʢʫ .33 tyx =+  

;1
3
-
¡

=
t

dx

dy
 

ʇʦʜʩʪʘʚʣʷʝʤ ʵʪʦ  ʚʳʨʘʞʝʥʠʝ  ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

;932;9962;99)3(2;
2

)1(3
1

3
+-=¡+-=¡+-=-¡

-
-=-

¡
tttttttttt

t

tt
 

 

ʈʘʟʜʝʣʷʝʤ ʧʝʨʝʤʝʥʥʳʝ: ;
2

3

3
;

93

2
dxdt

t

t
dxdt

t

t
-=

-
=

+-
 

ñ ñ-=ö
÷

õ
æ
ç

å

-
+ ;

2

3

3

3
1 dxdt

t
 

1
2

3
3ln3 Cxtt +-=-+  

ɼʘʣʝʝ ʚʦʟʚʨʘʱʘʝʤʩʷ ʢ ʧʝʨʚʦʥʘʯʘʣʴʥʦʡ ʬʫʥʢʮʠʠ ʫ ʠ ʧʝʨʝʤʝʥʥʦʡ ʭ. 
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;)1(3ln222 2Cxyxyx +-=-+++  

;1ln23ln223 2Cyxyx =-++++  

;1ln223 Cyxyx =-+++  

ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʳ ʧʦʣʫʯʠʣʠ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʠʩʭʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ. 

 

 

ʃʠʥʝʡʥʳʝ ʫʨʘʚʥʝʥʠʷ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʤ 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ ʠ ʝʝ ʧʨʦʠʟʚʦʜʥʦʡ, ʝʩʣʠ ʦʥʦ ʤʦʞʝʪ ʙʳʪʴ ʟʘʧʠʩʘʥʦ ʚ 

ʚʠʜʝ: 

),()( xQyxPy =+¡  

ʧʨʠ ʵʪʦʤ, ʝʩʣʠ ʧʨʘʚʘʷ ʯʘʩʪʴ Q(x) ʨʘʚʥʘ ʥʫʣʶ, ʪʦ ʪʘʢʦʝ ʫʨʘʚʥʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ 

ʣʠʥʝʡʥʳʤ ʦʜʥʦʨʦʜʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ, ʝʩʣʠ ʧʨʘʚʘʷ ʯʘʩʪʴ Q(x) ʥʝ 

ʨʘʚʥʘ ʥʫʣʶ, ʪʦ ʪʘʢʦʝ ʫʨʘʚʥʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʤ ʥʝʦʜʥʦʨʦʜʥʳʤ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ. 

 

 P(x) ʠ Q(x)- ʬʫʥʢʮʠʠ ʥʝʧʨʝʨʳʚʥʳʝ ʥʘ ʥʝʢʦʪʦʨʦʤ ʧʨʦʤʝʞʫʪʢʝ a < x < b. 

 

 

ʃʠʥʝʡʥʳʝ ʦʜʥʦʨʦʜʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ. 

 

 ʈʘʩʩʤʦʪʨʠʤ ʤʝʪʦʜʳ ʥʘʭʦʞʜʝʥʠʷ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʚʠʜʘ 

0)( =+¡ yxPy . 

 

 ɼʣʷ ʵʪʦʛʦ ʪʠʧʘ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʨʘʟʜʝʣʝʥʠʝ ʧʝʨʝʤʝʥʥʳʭ ʥʝ 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʣʦʞʥʦʩʪʝʡ. 

 

dxxP
y

dy
)(-=  

;ln)(ln ñ +-= CdxxPy  

ñ-= ;)(ln dxxP
C

y
 

 ʆʙʱʝʝ ʨʝʰʝʥʠʝ:                                    ñ=
- dxxP

Cey
)(

 

  

 

 

ʃʠʥʝʡʥʳʝ ʥʝʦʜʥʦʨʦʜʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ. 

 

 ɼʣʷ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʣʠʥʝʡʥʳʭ ʥʝʦʜʥʦʨʦʜʥʳʭ ʫʨʘʚʥʝʥʠʡ (Q(x) 0̧) ʧʨʠʤʝʥʷʶʪʩʷ 

ʚ ʦʩʥʦʚʥʦʤ ʜʚʘ ʤʝʪʦʜʘ: ʤʝʪʦʜ ɹʝʨʥʫʣʣʠ ʠ ʤʝʪʦʜ ʃʘʛʨʘʥʞʘ. 
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ʄʝʪʦʜ ɹʝʨʥʫʣʣʠ. 

 

(ʗʢʦʙ ɹʝʨʥʫʣʣʠ (1654-1705) ï ʰʚʝʡʮʘʨʩʢʠʡ ʤʘʪʝʤʘʪʠʢ.) 

 

 ʉʫʪʴ ʤʝʪʦʜʘ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʪʦʤ, ʯʪʦ ʠʩʢʦʤʘʷ ʬʫʥʢʮʠʷ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʚ ʚʠʜʝ 

ʧʨʦʠʟʚʝʜʝʥʠʷ ʜʚʫʭ ʬʫʥʢʮʠʡ  uvy= . 

 ʇʨʠ ʵʪʦʤ ʦʯʝʚʠʜʥʦ, ʯʪʦ 
dx

du
v

dx

dv
uy Ö+Ö=¡  - ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʧʦ ʯʘʩʪʷʤ. 

 

 ʇʦʜʩʪʘʚʣʷʷ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʧʦʣʫʯʘʝʤ: 

)()( xQuvxP
dx

du
v

dx

dv
u =++  

)()( xQuxP
dx

du
v

dx

dv
u =ö

÷

õ
æ
ç

å
++  

 ɼʘʣʝʝ ʩʣʝʜʫʝʪ ʚʘʞʥʦʝ ʟʘʤʝʯʘʥʠʝ ï ʪ.ʢ. ʧʝʨʚʦʥʘʯʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʙʳʣʘ 

ʧʨʝʜʩʪʘʚʣʝʥʘ ʥʘʤʠ ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ, ʪʦ ʢʘʞʜʳʡ ʠʟ ʩʦʤʥʦʞʠʪʝʣʝʡ, ʚʭʦʜʷʱʠʭ ʚ ʵʪʦ 

ʧʨʦʠʟʚʝʜʝʥʠʝ, ʤʦʞʝʪ ʙʳʪʴ ʧʨʦʠʟʚʦʣʴʥʳʤ, ʚʳʙʨʘʥʥʳʤ ʧʦ ʥʘʰʝʤʫ ʫʩʤʦʪʨʝʥʠʶ. 

 ʅʘʧʨʠʤʝʨ, ʬʫʥʢʮʠʷ 22xy=  ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥʘ ʢʘʢ ;2;21 22 xyxy Ö=Ö=  

;2 xxy Ö=  ʠ ʪ.ʧ.  

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʦʞʥʦ ʦʜʥʫ ʠʟ ʩʦʩʪʘʚʣʷʶʱʠʭ ʧʨʦʠʟʚʝʜʝʥʠʝ ʬʫʥʢʮʠʡ ʚʳʙʨʘʪʴ 

ʪʘʢ, ʯʪʦ ʚʳʨʘʞʝʥʠʝ 0)( =+ uxP
dx

du
. 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚʦʟʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʬʫʥʢʮʠʶ u, ʧʨʦʠʥʪʝʛʨʠʨʦʚʘʚ, ʧʦʣʫʯʝʥʥʦʝ 

ʩʦʦʪʥʦʰʝʥʠʝ ʢʘʢ ʦʜʥʦʨʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʦ ʦʧʠʩʘʥʥʦʡ ʚʳʰʝ ʩʭʝʤʝ: 

 

ñ ñ ñ-=-=-= ;)(ln;)(;)( dxxPudxxP
u

du
dxxP

u

du
 

 

ñ =ñ=-=+
-

;/1;;)(lnln 1

)(

1 CCCeudxxPuC
dxxP

 

 

 ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʚʪʦʨʦʡ ʥʝʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ v ʧʦʜʩʪʘʚʠʤ ʧʦʫʯʝʥʥʦʝ 

ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʬʫʥʢʮʠʠ u ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ )()( xQuxP
dx

du
v

dx

dv
u =ö

÷

õ
æ
ç

å
++  ʩ ʫʯʝʪʦʤ 

ʪʦʛʦ, ʯʪʦ ʚʳʨʘʞʝʥʠʝ, ʩʪʦʷʱʝʝ ʚ ʩʢʦʙʢʘʭ, ʨʘʚʥʦ ʥʫʣʶ. 

 

;)();(
)()(

dxexQCdvxQ
dx

dv
ʉe

dxxPdxxP ñ==ñ-  

 ʀʥʪʝʛʨʠʨʫʷ, ʤʦʞʝʤ ʥʘʡʪʠ ʬʫʥʢʮʠʶ v: 

1

)(

)( CdxexQCv
dxxP

+ñ=ñ ;             2

)(

)(
1

CdxexQ
C

v
dxxP

+ñ= ñ ; 

 ʊ.ʝ. ʙʳʣʘ ʧʦʣʫʯʝʥʘ ʚʪʦʨʘʷ ʩʦʩʪʘʚʣʷʶʱʘʷ ʧʨʦʠʟʚʝʜʝʥʠʷ uvy= , ʢʦʪʦʨʦʝ ʠ 

ʦʧʨʝʜʝʣʷʝʪ ʠʩʢʦʤʫʶ ʬʫʥʢʮʠʶ. 

 ʇʦʜʩʪʘʚʣʷʷ ʧʦʣʫʯʝʥʥʳʝ ʟʥʘʯʝʥʠʷ,  ʧʦʣʫʯʘʝʤ: 

 

ö
÷

õ
æ
ç

å
+ñÖñ== ñ

-

2

)()(

)(
1

CdxexQ
C

Ceuvy
dxxPdxxP

 

 

 ʆʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʘʝʤ ʬʦʨʤʫʣʫ:  
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ö
÷

õ
æ
ç

å
+ñÖñ= ñ

-

2

)()(

)( CdxexQey
dxxPdxxP

,     ʉ2 - ʧʨʦʠʟʚʦʣʴʥʳʡ ʢʦʵʬʬʠʮʠʝʥʪ. 

ʕʪʦ ʩʦʦʪʥʦʰʝʥʠʝ ʤʦʞʝʪ ʩʯʠʪʘʪʴʩʷ ʨʝʰʝʥʠʝʤ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʣʠʥʝʡʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ  ʚ ʦʙʱʝʤ ʚʠʜʝ ʧʦ ʩʧʦʩʦʙʫ ɹʝʨʥʫʣʣʠ. 

 

 

 

ʄʝʪʦʜ ʃʘʛʨʘʥʞʘ. 

 

( ʃʘʨʛʘʥʞ ɾʦʟʝʬ ʃʫʠ (1736-1813) - ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ,  ʧʨʝʟ. ɹʝʨʣʠʥʩʢʦʡ ɸʅ,  

ʧʦʯ. ʯʣ. ʇʝʪ. ɸʅ (1776)). 

 

 

ʄʝʪʦʜ ʃʘʛʨʘʥʞʘ  ʨʝʰʝʥʠʷ ʥʝʦʜʥʦʨʦʜʥʳʭ ʣʠʥʝʡʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ ʝʱʝ ʥʘʟʳʚʘʶʪ ʤʝʪʦʜʦʤ  ʚʘʨʠʘʮʠʠ ʧʨʦʠʟʚʦʣʴʥʦʡ ʧʦʩʪʦʷʥʥʦʡ. 

 

 ɺʝʨʥʝʤʩʷ ʢ ʧʦʩʪʘʚʣʝʥʥʦʡ ʟʘʜʘʯʝ: 

)()( xQyxPy =+¡  

 

ʇʝʨʚʳʡ ʰʘʛ ʜʘʥʥʦʛʦ ʤʝʪʦʜʘ ʩʦʩʪʦʠʪ ʚ ʦʪʙʨʘʩʳʚʘʥʠʠ ʧʨʘʚʦʡ ʯʘʩʪʠ ʫʨʘʚʥʝʥʠʷ ʠ 

ʟʘʤʝʥʝ ʝʝ ʥʫʣʝʤ. 

0)( =+¡ yxPy  

 ɼʘʣʝʝ ʥʘʭʦʜʠʪʩʷ ʨʝʰʝʥʠʝ ʧʦʣʫʯʠʚʰʝʛʦʩʷ ʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ: 

ñ=
- dxxP

eCy
)(

1 . 

ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʥʘʡʪʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʙʫʜʝʤ ʩʯʠʪʘʪʴ ʧʦʩʪʦʷʥʥʫʶ ʉ1 ʥʝʢʦʪʦʨʦʡ ʬʫʥʢʮʠʝʡ ʦʪ 

ʭ. 

 ʊʦʛʜʘ ʧʦ ʧʨʘʚʠʣʘʤ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ ʧʨʦʠʟʚʝʜʝʥʠʷ  ʬʫʥʢʮʠʡ ʧʦʣʫʯʘʝʤ: 

));(()(
)( )(

1

)(1 xPexCe
dx

xdC

dx

dy
y

dxxPdxxP

-Öñ+ñ==¡
--

 

 

ʇʦʜʩʪʘʚʣʷʝʤ ʧʦʣʫʯʝʥʥʦʝ ʩʦʦʪʥʦʰʝʥʠʝ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ 

 

 

)()()()()(
)( )(

1

)(

1

)(1 xQexCxPexPxCe
dx

xdC dxxPdxxPdxxP

=ñ+ñ-ñ ---

 

);(
)( )(1 xQe

dx

xdC dxxP

=ñ-  

 

ʀʟ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʦʧʨʝʜʝʣʠʤ  ʧʝʨʝʤʝʥʥʫʶ ʬʫʥʢʮʠʶ ʉ1(ʭ): 

;)()(
)(

1 dxexQxdC
dxxPñ=  

ʀʥʪʝʛʨʠʨʫʷ, ʧʦʣʫʯʘʝʤ: 

;)(
)(

1 CdxexQC
dxxP

+ñ=ñ  

 ʇʦʜʩʪʘʚʣʷʷ ʵʪʦ ʟʥʘʯʝʥʠʝ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʧʦʣʫʯʘʝʤ: 

 

ö
÷

õ
æ
ç

å
+ññ= ñ

-

CdxexQey
dxxPdxxP )()(

)( . 
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 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʳ ʧʦʣʫʯʠʣʠ ʨʝʟʫʣʴʪʘʪ, ʧʦʣʥʦʩʪʴʶ ʩʦʚʧʘʜʘʶʱʠʡ ʩ ʨʝʟʫʣʴʪʘʪʦʤ 

ʨʘʩʯʝʪʘ ʧʦ ʤʝʪʦʜʫ ɹʝʨʥʫʣʣʠ. 

  

 ʇʨʠ ʚʳʙʦʨʝ ʤʝʪʦʜʘ ʨʝʰʝʥʠʷ ʣʠʥʝʡʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ  ʩʣʝʜʫʝʪ 

ʨʫʢʦʚʦʜʩʪʚʦʚʘʪʴʩʷ  ʧʨʦʩʪʦʪʦʡ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʬʫʥʢʮʠʡ, ʚʭʦʜʷʱʠʭ ʚ ʠʩʭʦʜʥʳʡ 

ʠʥʪʝʛʨʘʣ. 

 

 ɼʘʣʝʝ ʨʘʩʩʤʦʪʨʠʤ ʧʨʠʤʝʨʳ ʨʝʰʝʥʠʷ ʨʘʟʣʠʯʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ 

ʨʘʟʣʠʯʥʳʤʠ ʤʝʪʦʜʘʤʠ ʠ ʩʨʘʚʥʠʤ  ʨʝʟʫʣʴʪʘʪʳ.  

 

 

 ʇʨʠʤʝʨ.  ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .

1

22 xeaxyyx =+¡  

 

ʉʥʘʯʘʣʘ ʧʨʠʚʝʜʝʤ ʜʘʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ʢ ʩʪʘʥʜʘʨʪʥʦʤʫ ʚʠʜʫ: .
1

1

2

xaey
x

y =+¡  

ʇʨʠʤʝʥʠʤ ʧʦʣʫʯʝʥʥʫʶ ʚʳʰʝ ʬʦʨʤʫʣʫ: ;;
1

1

2

xaeQ
x

P ==  

ö
ö

÷

õ

æ
æ

ç

å
+

ññ
= ñ

-

Cdxeaeey
dx

xx
dx

x 22

111

 

( )ññ +=
ö
ö

÷

õ

æ
æ

ç

å
+=

-

CadxeCdxeaeey xxxx

1111

 

).(

1

Caxey x +=  

 

 

ʋʨʘʚʥʝʥʠʝ ɹʝʨʥʫʣʣʠ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʋʨʘʚʥʝʥʠʝʤ ɹʝʨʥʫʣʣʠ ʥʘʟʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ 

,nyQPyy Ö=+¡  

ʛʜʝ P ʠ Q ï ʬʫʥʢʮʠʠ ʦʪ ʭ ʠʣʠ ʧʦʩʪʦʷʥʥʳʝ ʯʠʩʣʘ, ʘ n ï ʧʦʩʪʦʷʥʥʦʝ ʯʠʩʣʦ, ʥʝ ʨʘʚʥʦʝ 1. 

 

 ɼʣʷ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ ɹʝʨʥʫʣʣʠ ʧʨʠʤʝʥʷʶʪ ʧʦʜʩʪʘʥʦʚʢʫ 
1

1
-

=
ny

z , ʩ ʧʦʤʦʱʴʶ 

ʢʦʪʦʨʦʡ, ʫʨʘʚʥʝʥʠʝ ɹʝʨʥʫʣʣʠ ʧʨʠʚʦʜʠʪʩʷ ʢ ʣʠʥʝʡʥʦʤʫ. 

 ɼʣʷ ʵʪʦʛʦ ʨʘʟʜʝʣʠʤ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ ʥʘ y
n
. 

 

;
1

1
Q

y
P

y

y
nn
=+

¡
-

  

ʇʨʠʤʝʥʠʤ ʧʦʜʩʪʘʥʦʚʢʫ, ʫʯʪʷ, ʯʪʦ 
nn

n

y

yn
y

y

yn
z

¡-
-=¡Ö

-
-=¡

-

- )1()1(
22

2

. 

 

QPz
n

z
=+

-

¡
-

1
 

QnPznz )1()1( --=--¡  

ʊ.ʝ. ʧʦʣʫʯʠʣʦʩʴ ʣʠʥʝʡʥʦʝ ʫʨʘʚʥʝʥʠʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ z. 

ʈʝʰʝʥʠʝ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʤ ʠʩʢʘʪʴ ʚ ʚʠʜʝ: 
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ö
÷

õ
æ
ç

å
+ññ= ñ

-

CdxeQez
dxPPdx 1

1  

.)1(;)1( 11 PnPQnQ --=--=  

 

 ʇʨʠʤʝʨ.  ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .ln2 xxyyyx =+¡  

 

ʈʘʟʜʝʣʠʤ ʫʨʘʚʥʝʥʠʝ ʥʘ xy
2
:  .ln

11
2

x
yxy

y
=Ö+

¡
 

ʇʦʣʘʛʘʝʤ .;
1

2y

y
z

y
z

¡
-=¡=  

xz
x

zxz
x

z ln
1

;ln
1

-=-¡=+¡- . 

ʇʦʣʘʛʘʝʤ .ln,
1

xQ
x

P -=-=  

( );ln;ln lnln CdxxeezCdxxeez xxx

dx

x

dx

+-=
ö
ö

÷

õ

æ
æ

ç

å
+

ñ
-

ñ
= ññ

-
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( );)(lnln;ln CxxdxzC
x

dx
xxz +-=ö

÷

õ
æ
ç

å
+Ö-= ññ  

öö
÷

õ
ææ
ç

å
+-= C

x
xz

2

ln 2

 

ʇʨʦʠʟʚʝʜʷ ʦʙʨʘʪʥʫʶ ʧʦʜʩʪʘʥʦʚʢʫ, ʧʦʣʫʯʘʝʤ: 

.
2

ln1 2

öö
÷

õ
ææ
ç

å
+-= C

x
x

y
 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .4 2 yxyyx =-¡  

 

ʈʘʟʜʝʣʠʤ ʦʙʝ ʯʘʩʪʠ ʫʨʘʚʥʝʥʠʷ ʥʘ .yx  

.
41

xy
xdx

dy

y
=-  

ʇʦʣʘʛʘʝʤ ;2;
2

1
; zyyy

y
zyz ¡=¡¡=¡=  

;
2

2
;

4
2

1 x

x

z

dx

dz
xz

x
zy

y
=-=-¡  

ʇʦʣʫʯʠʣʠ ʣʠʥʝʡʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ. ʈʘʩʩʤʦʪʨʠʤ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʣʠʥʝʡʥʦʝ ʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

;
2

;
2

;0
2

x

dx

z

dz

x

z

dx

dz

x

z

dx

dz
===-  

 

ñ ñ =+=+= ;;lnln2ln;2 2

1 CxzCxzC
x

dx

z

dz
 

ʇʦʣʘʛʘʝʤ C = C(x) ʠ ʧʦʜʩʪʘʚʣʷʝʤ ʧʦʣʫʯʝʥʥʳʡ ʨʝʟʫʣʴʪʘʪ ʚ ʣʠʥʝʡʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ 

ʫʨʘʚʥʝʥʠʝ, ʩ ʫʯʝʪʦʤ ʪʦʛʦ, ʯʪʦ: 
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;
)(

)(2 2

dx

xdC
xxxC

dx

dz
+=  

;
2

)(2)(
)(2

2
2 x

x

xCx

dx

xdC
xxxC =-+  

;ln
2

1
)(;

2

1)(
2CxxC

xdx

xdC
+==  

 

ʇʦʣʫʯʘʝʤ: ;ln
2

1
2

2
ö
÷

õ
æ
ç

å
+= xCxz  

ʇʨʠʤʝʥʷʷ ʦʙʨʘʪʥʫʶ ʧʦʜʩʪʘʥʦʚʢʫ, ʧʦʣʫʯʘʝʤ ʦʢʦʥʯʘʪʝʣʴʥʳʡ ʦʪʚʝʪ: 

;ln
2

1
2

2

4
ö
÷

õ
æ
ç

å
+= xCxy  

 

 

 

 

ʋʨʘʚʥʝʥʠʷ ʚ ʧʦʣʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʘʭ (ʪʦʪʘʣʴʥʳʝ). 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʚʠʜʘ: 

0),(),( =+ dyyxNdxyxM  

ʥʘʟʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ ʚ ʧʦʣʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʘʭ, ʝʩʣʠ ʣʝʚʘʷ ʯʘʩʪʴ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ʥʝʢʦʪʦʨʦʡ ʬʫʥʢʮʠʠ ).,( yxFu=  

 

 ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ ʪʘʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩʚʦʜʠʪʩʷ ʢ ʥʘʭʦʞʜʝʥʠʶ ʬʫʥʢʮʠʠ u, ʧʦʩʣʝ 

ʯʝʛʦ ʨʝʰʝʥʠʝ ʣʝʛʢʦ ʥʘʭʦʜʠʪʩʷ ʚ ʚʠʜʝ: .;0 Cudu ==  

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʨʝʰʝʥʠʷ ʥʘʜʦ ʦʧʨʝʜʝʣʠʪʴ: 

1) ʚ ʢʘʢʦʤ ʩʣʫʯʘʝ ʣʝʚʘʷ ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ 

ʬʫʥʢʮʠʠ u; 

2) ʢʘʢ ʥʘʡʪʠ ʵʪʫ ʬʫʥʢʮʠʶ. 

 

ɽʩʣʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʘʷ ʬʦʨʤʘ dyyxNdxyxM ),(),( + ʷʚʣʷʝʪʩʷ ʧʦʣʥʳʤ 

ʜʠʬʬʝʨʝʥʮʠʘʣʦʤ ʥʝʢʦʪʦʨʦʡ ʬʫʥʢʮʠʠ u, ʪʦ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ: 

.),(),( dy
y

u
dx

x

u
dyyxNdxyxMdu

µ

µ
+

µ

µ
=+=  

ʊ.ʝ. 

î
î

í

îî

ì

ë

=
µ

µ

=
µ

µ

),(

),(

yxN
y

u

yxM
x

u

.          

ʅʘʡʜʝʤ ʩʤʝʰʘʥʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ, ʧʨʦʜʠʬʬʝʨʝʥʮʠʨʦʚʘʚ ʧʝʨʚʦʝ 

ʫʨʘʚʥʝʥʠʝ ʧʦ ʫ, ʘ ʚʪʦʨʦʝ ï ʧʦ ʭ: 

î
î

í

î
î

ì

ë

µ

µ
=

µµ

µ

µ

µ
=

µµ

µ

x

yxN

yx

u

y

yxM

yx

u

),(

),(

2

2

 

ʇʨʠʨʘʚʥʠʚʘʷ ʣʝʚʳʝ ʯʘʩʪʠ ʫʨʘʚʥʝʥʠʡ, ʧʦʣʫʯʘʝʤ ʥʝʦʙʭʦʜʠʤʦʝ ʠ ʜʦʩʪʘʪʦʯʥʦʝ 

ʫʩʣʦʚʠʝ ʪʦʛʦ, ʯʪʦ ʣʝʚʘʷ ʯʘʩʪʴ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʷʚʣʷʝʪʩʷ ʧʦʣʥʳʤ 

ʜʠʬʬʝʨʝʥʮʠʘʣʦʤ. ʕʪʦ ʫʩʣʦʚʠʝ ʪʘʢʞʝ ʥʘʟʳʚʘʝʪʩʷ ʫʩʣʦʚʠʝʤ ʪʦʪʘʣʴʥʦʩʪʠ. 
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x

yxN

y

yxM

µ

µ
=

µ

µ ),(),(
 

 ʊʝʧʝʨʴ ʨʘʩʩʤʦʪʨʠʤ ʚʦʧʨʦʩ ʦ ʥʘʭʦʞʜʝʥʠʠ ʩʦʙʩʪʚʝʥʥʦ ʬʫʥʢʮʠʠ u. 

ʇʨʦʠʥʪʝʛʨʠʨʫʝʤ ʨʘʚʝʥʩʪʚʦ ),( yxM
x

u
=

µ

µ
: 

).(),( yCdxyxMu +=ñ  

ɺʩʣʝʜʩʪʚʠʝ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦʣʫʯʘʝʤ ʥʝ ʧʦʩʪʦʷʥʥʫʶ ʚʝʣʠʯʠʥʫ ʉ, ʘ ʥʝʢʦʪʦʨʫʶ 

ʬʫʥʢʮʠʶ ʉ(ʫ), ʪ.ʢ. ʧʨʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʠ ʧʝʨʝʤʝʥʥʘʷ ʫ ʧʦʣʘʛʘʝʪʩʷ ʧʦʩʪʦʷʥʥʳʤ 

ʧʘʨʘʤʝʪʨʦʤ. 

 ʆʧʨʝʜʝʣʠʤ ʬʫʥʢʮʠʶ ʉ(ʫ). 

ʇʨʦʜʠʬʬʝʨʝʥʮʠʨʫʝʤ ʧʦʣʫʯʝʥʥʦʝ ʨʘʚʝʥʩʪʚʦ ʧʦ ʫ. 

).(),(),( yCdxyxM
y

yxN
y

u
¡+

µ

µ
==

µ

µ
ñ  

ʆʪʢʫʜʘ ʧʦʣʫʯʘʝʤ: ñµ
µ

-=¡ .),(),()( dxyxM
y

yxNyC  

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʬʫʥʢʮʠʠ ʉ(ʫ) ʥʝʦʙʭʦʜʠʤʦ ʧʨʦʠʥʪʝʛʨʠʨʦʚʘʪʴ ʧʨʠʚʝʜʝʥʥʦʝ ʚʳʰʝ 

ʨʘʚʝʥʩʪʚʦ. ʆʜʥʘʢʦ, ʧʝʨʝʜ ʠʥʪʝʛʨʠʨʦʚʘʥʠʝʤ ʥʘʜʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ ʉ(ʫ) ʥʝ ʟʘʚʠʩʠʪ 

ʦʪ ʭ. ʕʪʦ ʫʩʣʦʚʠʝ ʙʫʜʝʪ ʚʳʧʦʣʥʝʥʦ, ʝʩʣʠ ʧʨʦʠʟʚʦʜʥʘʷ ʵʪʦʡ ʬʫʥʢʮʠʠ ʧʦ ʭ ʨʘʚʥʘ ʥʫʣʶ. 
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ʊʝʧʝʨʴ ʦʧʨʝʜʝʣʷʝʤ ʬʫʥʢʮʠʶ ʉ(ʫ): 

CdydxyxM
y

yxNyC +ù
ú

ø
é
ê

è

µ

µ
-=ñ ñ ),(),()(  

ʇʦʜʩʪʘʚʣʷʷ ʵʪʦʪ ʨʝʟʫʣʴʪʘʪ ʚ ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʬʫʥʢʮʠʠ u, ʧʦʣʫʯʘʝʤ: 

.),(),(),( CdydxyxM
y

yxNdxyxMu +ù
ú
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ê

è
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-+= ññ  

 

ʊʦʛʜʘ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʠʩʭʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

 

.),(),(),( CdydxyxM
y

yxNdxyxM =ù
ú

ø
é
ê

è

µ

µ
-+ññ  

 

 ʉʣʝʜʫʝʪ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʧʨʠ ʨʝʰʝʥʠʠ ʫʨʘʚʥʝʥʠʡ ʚ ʧʦʣʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʘʭ ʥʝ 

ʦʙʷʟʘʪʝʣʴʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʧʦʣʫʯʝʥʥʫʶ ʬʦʨʤʫʣʫ. ʈʝʰʝʥʠʝ ʤʦʞʝʪ ʧʦʣʫʯʠʪʴʩʷ ʙʦʣʝʝ 

ʢʦʤʧʘʢʪʥʳʤ, ʝʩʣʠ ʧʨʦʩʪʦ ʩʣʝʜʦʚʘʪʴ ʤʝʪʦʜʫ, ʢʦʪʦʨʳʤ ʬʦʨʤʫʣʘ ʙʳʣʘ ʧʦʣʫʯʝʥʘ. 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ 0)15()103( 22 =-++ dyxdxxyx  

 

ʇʨʦʚʝʨʠʤ ʫʩʣʦʚʠʝ ʪʦʪʘʣʴʥʦʩʪʠ: ;10
)103(),( 2

x
y

xyx

y

yxM
=

µ

+µ
=

µ

µ
 

                                                        .10
)15(),( 2

x
x

x

x

yxN
=

µ

-µ
=

µ

µ
 

ʋʩʣʦʚʠʝ ʪʦʪʘʣʴʥʦʩʪʠ ʚʳʧʦʣʥʷʝʪʩʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʩʭʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ 

ʫʨʘʚʥʝʥʠʝ ʷʚʣʷʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ ʚ ʧʦʣʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʘʭ. 
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ʆʧʨʝʜʝʣʠʤ ʬʫʥʢʮʠʶ u. 

);(5)()103()(),( 232 yCyxxyCdxxyxyCdxyxMu ++=++=+= ññ  

;15),()(5 22 -==¡+=
µ

µ
xyxNyCx

y

u
 

1)1()(;1)( CydyyCyC +-=-=-=¡ ñ ; 

ʀʪʦʛʦ, .5 1

23 Cyyxxu +-+=  

ʅʘʭʦʜʠʤ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʠʩʭʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

;.5 21

23 ʉCyyxxu =+-+=  

.5 23 Cyyxx =-+  

 

 

ʋʨʘʚʥʝʥʠʷ ʚʠʜʘ y = f(yô) ʠ x = f(yô). 

 

 ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʡ, ʥʝ ʩʦʜʝʨʞʘʱʠʭ ʚ ʦʜʥʦʤ ʩʣʫʯʘʝ ʘʨʛʫʤʝʥʪʘ ʭ, ʘ ʚ ʜʨʫʛʦʤ ï 

ʬʫʥʢʮʠʠ ʫ, ʠʱʝʤ ʚ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ, ʧʨʠʥʠʤʘʷ ʟʘ ʧʘʨʘʤʝʪʨ ʧʨʦʠʟʚʦʜʥʫʶ 

ʥʝʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ. 

.py =¡  

ɼʣʷ ʫʨʘʚʥʝʥʠʷ ʧʝʨʚʦʛʦ ʪʠʧʘ ʧʦʣʫʯʘʝʤ:  .)();(
dx

dp
pfypfy ¡=¡=  

ɼʝʣʘʷ ʟʘʤʝʥʫ, ʧʦʣʫʯʘʝʤ: ;)(
dx

dp
pfp ¡=  

ɺ ʨʝʟʫʣʴʪʘʪʝ ʵʪʠʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ ʠʤʝʝʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʩ 

ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ. 

ñ +
¡

=
¡

= .
)(

;
)(

Cdp
p

pf
xdp

p

pf
dx  

 ʆʙʱʠʡ ʠʥʪʝʛʨʘʣ ʚ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʩʠʩʪʝʤʦʡ ʫʨʘʚʥʝʥʠʡ: 

 

î
í

î
ì

ë

=

+
¡

=ñ

)(

)(

pfy

Cdp
p

pf
x

 

ʀʩʢʣʶʯʠʚ ʠʟ ʵʪʦʡ ʩʠʩʪʝʤʳ ʧʘʨʘʤʝʪʨ ʨ, ʧʦʣʫʯʠʤ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʠ ʥʝ ʚ 

ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

 

 ɼʣʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚʠʜʘ x = f(yô) ʩ ʧʦʤʦʱʴʶ ʪʦʡ ʞʝ ʩʘʤʦʡ 

ʧʦʜʩʪʘʥʦʚʢʠ ʠ ʘʥʘʣʦʛʠʯʥʳʭ ʨʘʩʩʫʞʜʝʥʠʡ ʧʦʣʫʯʘʝʤ ʨʝʟʫʣʴʪʘʪ: 

 

îí

î
ì
ë

=

+¡=ñ
)(

)(

pfx

Cdppfpy
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ʋʨʘʚʥʝʥʠʷ ʃʘʛʨʘʥʞʘ ʠ ʂʣʝʨʦ. 

( ɸʣʝʢʩʠ ʂʣʦʜ ʂʣʝʨʦ (1713 ï 1765) ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ 

ʠʥ. ʧʦʯ. ʯʣʝʥ ʇʝʪʝʨʙ. ɸʅ ) 

 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʋʨʘʚʥʝʥʠʝʤ ʃʘʛʨʘʥʞʘ ʥʘʟʳʚʘʝʪʩʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ 

ʫʨʘʚʥʝʥʠʝ, ʣʠʥʝʡʥʦʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ʭ ʠ ʫ, ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ ʷʚʣʷʶʪʩʷ ʬʫʥʢʮʠʷʤʠ 

ʦʪ yô. 

0)()()( =¡+¡+¡ yRyyQxyP  

 ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʦʙʱʝʛʦ ʨʝʰʝʥʠʝ ʧʨʠʤʝʥʷʝʪʩʷ ʧʦʜʩʪʘʥʦʚʢʘ p = yô. 

.
)(

)(
)(,

)(

)(
)(),()(

yQ

yR
p

yQ

yP
pfppxfy

¡

¡
-=j

¡

¡
-=j+=  

ɼʠʬʬʝʨʝʥʮʠʨʫʷ ʵʪʦ ʫʨʘʚʥʝʥʠʝ,c ʫʯʝʪʦʤ ʪʦʛʦ, ʯʪʦ pdxdy= , ʧʦʣʫʯʘʝʤ: 

.)()()( dppdppfxdxpfpdx j¡+¡+=  

ɽʩʣʠ ʨʝʰʝʥʠʝ ʵʪʦʛʦ (ʣʠʥʝʡʥʦʛʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʭ) ʫʨʘʚʥʝʥʠʷ ʝʩʪʴ ),,( CpFx= ʪʦ ʦʙʱʝʝ 

ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ ʃʘʛʨʘʥʞʘ ʤʦʞʝʪ ʙʳʪʴ ʟʘʧʠʩʘʥʦ ʚ ʚʠʜʝ: 

 

í
ì
ë

j+=j+=

=

)()(),()()(

),(

ppfCpFppxfy

CpFx
 

 

 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʋʨʘʚʥʝʥʠʝʤ ʂʣʝʨʦ ʥʘʟʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ (ʪ.ʝ. 

ʣʠʥʝʡʥʦʝ) ʦʪʥʦʩʠʪʝʣʴʥʦ ʬʫʥʢʮʠʠ ʠ ʘʨʛʫʤʝʥʪʘ ʚʠʜʘ: 

).(yyxy ¡j+¡=  

 ɺʦʦʙʱʝ ʛʦʚʦʨʷ, ʫʨʘʚʥʝʥʠʝ ʂʣʝʨʦ ʷʚʣʷʝʪʩʷ ʯʘʩʪʥʳʤ ʩʣʫʯʘʝʤ ʫʨʘʚʥʝʥʠʷ 

ʃʘʛʨʘʥʞʘ. 

ʉ ʫʯʝʪʦʤ ʟʘʤʝʥʳ py =¡ , ʫʨʘʚʥʝʥʠʝ ʧʨʠʥʠʤʘʝʪ ʚʠʜ: 

).(pxpy j+=  

;)(
dx

dp
p

dx

dp
xpy j¡++=¡          ;)(

dx

dp
p

dx

dp
xpp j¡++=  

[ ] ;0)( =j¡+
dx

dp
px  

ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʠʤʝʝʪ ʜʚʘ ʚʦʟʤʦʞʥʳʭ ʨʝʰʝʥʠʷ: 

0=dp  ʠʣʠ .0)( =j¡+ px  

ɺ ʧʝʨʚʦʤ ʩʣʫʯʘʝ: ;cp=  

)(ccxy j+=  

 

ɺʠʜʥʦ, ʯʪʦ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʫʨʘʚʥʝʥʠʷ ʂʣʝʨʦ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʝʤʝʡʩʪʚʦ ʧʨʷʤʳʭ 

ʣʠʥʠʡ. 

ɺʦ ʚʪʦʨʦʤ ʩʣʫʯʘʝ ʨʝʰʝʥʠʝ ʚ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ ʚʳʨʘʞʘʝʪʩʷ ʩʠʩʪʝʤʦʡ ʫʨʘʚʥʝʥʠʡ: 

 

í
ì
ë

=j¡+

j+=

0)(

)(

px

pxpy
 

ʀʩʢʣʶʯʘʷ ʧʘʨʘʤʝʪʨ ʨ, ʧʦʣʫʯʘʝʤ ʚʪʦʨʦʝ ʨʝʰʝʥʠʝ F(x, y) = 0. ʕʪʦ ʨʝʰʝʥʠʝ ʥʝ 

ʩʦʜʝʨʞʠʪ ʧʨʦʠʟʚʦʣʴʥʦʡ ʧʦʩʪʦʷʥʥʦʡ ʠ ʥʝ ʧʦʣʫʯʝʥʦ ʠʟ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʥʝ ʷʚʣʷʝʪʩʷ ʯʘʩʪʥʳʤ ʨʝʰʝʥʠʝʤ.  

ʕʪʦ ʨʝʰʝʥʠʝ ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʦʩʦʙʳʤ ʠʥʪʝʛʨʘʣʦʤ. ( ʉʤ. ʆʩʦʙʦʝ ʨʝʰʝʥʠʝ. ) 
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ɼʘʣʝʝ ʨʘʩʩʤʦʪʨʠʤ ʧʨʠʤʝʨʳ ʨʝʰʝʥʠʷ ʨʘʟʣʠʯʥʳʭ ʪʠʧʦʚ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ ʩ ʟʘʜʘʥʥʳʤʠ ʥʘʯʘʣʴʥʳʤʠ ʫʩʣʦʚʠʷʤʠ. 

.0)1(;1 =+=-¡ yx
x

y
y  

ʕʪʦ ʣʠʥʝʡʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. 

ʈʝʰʠʤ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ. 

;;;;0
x

dx

y

dy

x

y

dx

dy

x

y
y

x

y
y ===¡=-¡  

ñ ñ +== ;lnlnln; Cxy
x

dx

y

dy
 

;Cxy=  

ɼʣʷ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: 

;)( xxCy=  

ɼʠʬʬʝʨʝʥʮʠʨʫʷ, ʧʦʣʫʯʘʝʤ: );()( xCxxCy +¡=¡  

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʬʫʥʢʮʠʠ ʉ(ʭ) ʧʦʜʩʪʘʚʣʷʝʤ ʧʦʣʫʯʝʥʥʦʝ ʟʥʘʯʝʥʠʝ ʚ ʠʩʭʦʜʥʦʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

1)()()( +=-+¡ xxCxCxxC  

1)( +=¡ xxCx  

;
1

1)(;
1

1)( Cdx
x

xC
x

xC +ö
÷

õ
æ
ç

å
+=+=¡ ñ  

;ln)( CxxxC ++=  

 

ʀʪʦʛʦ, ʦʙʱʝʝ ʨʝʰʝʥʠʝ: ).ln( Cxxxy ++=  

 

C ʫʯʝʪʦʤ ʥʘʯʘʣʴʥʦʛʦ ʫʩʣʦʚʠʷ 0)1( =y ʦʧʨʝʜʝʣʷʝʤ ʧʦʩʪʦʷʥʥʳʡ ʢʦʵʬʬʠʮʠʝʥʪ C. 

.1;1ln10 -=++= CC  

 

ʆʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʘʝʤ: .ln2 xxxxy -+=  

ɼʣʷ ʧʨʦʚʝʨʢʠ ʧʦʜʩʪʘʚʠʤ ʧʦʣʫʯʝʥʥʳʡ ʨʝʟʫʣʴʪʘʪ ʚ ʠʩʭʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ 

ʫʨʘʚʥʝʥʠʝ:         ;11ln1
1

ln2 +=+---Ö++ xxx
x

xxx   ʚʝʨʥʦ 

ʅʠʞʝ ʧʦʢʘʟʘʥ ʛʨʘʬʠʢ ʠʥʪʝʛʨʘʣʴʥʦʡ ʢʨʠʚʦʡ ʫʨʘʚʥʝʥʠʷ. 

 

0. 5 1 1. 5 2

- 0. 5

0. 5

1

1. 5
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ʇʨʠʤʝʨ. ʅʘʡʪʠ ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʫʨʘʚʥʝʥʠʷ 0)1()1( 22 =-+- dyxydxyx . 

 

ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ. 

;
11

;0
11 2222 ñ ñ -

-=
-

=
-

+
- y

ydy

x

xdx

y

ydy

x

xdx
 

;ln1ln1ln 22 Cyx =-+-  

 

ʆʙʱʠʡ ʠʥʪʝʛʨʘʣ ʠʤʝʝʪ ʚʠʜ: .)1)(1( 22 Cyx =--  

 

ʇʦʩʪʨʦʠʤ ʠʥʪʝʛʨʘʣʴʥʳʝ ʢʨʠʚʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʨʠ ʨʘʟʣʠʯʥʳʭ 

ʟʥʘʯʝʥʠʷʭ ʉ. 

 

 
  ʉ = - 0,5              ʉ = -0,02  ʉ = -1  ʉ = -2 

 

- 2 - 1 1 2

- 2

- 1. 5

- 1

- 0. 5

0. 5

1

1. 5

2

 
 

    ʉ = 0,02  ʉ = 0,5  ʉ = 1  ʉ = 2 

  

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ 

ʟʘʜʘʥʥʳʤ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ. 

.0)0(;sin)1(cos =+=¡ yxyxy  

 

ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ. 

;
1

;
cos

sin

1
tgxdx

y

dy

x

x

y

y
=

+
=

+

¡
 

;lncosln1ln;
1

Cxytgxdx
y

dy
+-=+=

+ñ ñ  

;cos)1(;lncos)1(ln CxyCxy =+=+  
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ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: .1
cos

-=
x

C
y  

 

ʅʘʡʜʝʤ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʧʨʠ ʟʘʜʘʥʥʦʤ ʥʘʯʘʣʴʥʦʤ ʫʩʣʦʚʠʠ ʫ(0) = 0. 

.1;1
1

0 =-= C
ʉ

 

 

ʆʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʘʝʤ: .1
cos

1
-=

x
y  

 

 

 ʇʨʠʤʝʨ.  ʈʝʰʠʪʴ ʧʨʝʜʳʜʫʱʠʡ ʧʨʠʤʝʨ ʜʨʫʛʠʤ ʩʧʦʩʦʙʦʤ. 

 

 ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʫʨʘʚʥʝʥʠʝ xyxy sin)1(cos +=¡  ʤʦʞʝʪ ʙʳʪʴ ʨʘʩʩʤʦʪʨʝʥʦ ʢʘʢ 

ʣʠʥʝʡʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ. 

.sinsincos xxyxy =-¡  

 

 ʈʝʰʠʤ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʣʠʥʝʡʥʦʝ ʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ. 

;;sincos;0sincos tgxdx
y

dy
xyxyxyxy ==¡=-¡  

;cos;lncoslnln;ln CxyCxyCtgxdx
y

dy
=+-=+=ñ ñ  

.
cosx

C
y=  

 

ʈʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: .
cos

)(

x

xC
y=  

ʊʦʛʜʘ .
cos

sin)(cos)(
2 x

xxCxxC
y

+¡
=¡  

ʇʦʜʩʪʘʚʣʷʷ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʧʦʣʫʯʘʝʤ: 

 

[ ]
;sin

cos

sin)(

cos

cossin)(cos)(
2

x
x

xxC

x

xxxCxxC
=-

Ö+¡
 

;cossin)(;sin);sin
cos

cos)(
CxxdxxCxxCx

x

xxC
+-===¡=

¡
ñ  

 

ʀʪʦʛʦ ;
cos

cos

x

Cx
y

+-
=              ;1

cos
-=

x

C
y  

 

ʉ ʫʯʝʪʦʤ ʥʘʯʘʣʴʥʦʛʦ ʫʩʣʦʚʠʷ ʫ(0) = 0 ʧʦʣʫʯʘʝʤ ;1
cos

1
-=

x
y  

 

 

ʂʘʢ ʚʠʜʥʦ ʨʝʟʫʣʴʪʘʪʳ, ʧʦʣʫʯʝʥʥʳʝ ʧʨʠ ʨʝʰʝʥʠʠ ʜʘʥʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʨʘʟʣʠʯʥʳʤʠ ʩʧʦʩʦʙʘʤʠ, ʩʦʚʧʘʜʘʶʪ.  

ʇʨʠ ʨʝʰʝʥʠʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʙʳʚʘʝʪ ʚʦʟʤʦʞʥʦ ʚʳʙʠʨʘʪʴ ʤʝʪʦʜ 

ʨʝʰʝʥʠʷ, ʠʩʭʦʜʷ ʠʟ ʩʣʦʞʥʦʩʪʠ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ. 

 

 



28 

 ʇʨʠʤʝʨ.  ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ xxyy 2sin
2

1
cos =+¡ ʩ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʝʤ ʫ(0) = 0. 

 

ʕʪʦ ʣʠʥʝʡʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ. ʈʝʰʠʤ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʦʜʥʦʨʦʜʥʦʝ 

ʫʨʘʚʥʝʥʠʝ. 

;sinln;cos;0cos 1Cxyxdx
y

dy
xyy +-=-==+¡  

;; sinsin 1 xCx Ceyeey -- =Ö=  

 

 ɼʣʷ ʣʠʥʝʡʥʦʛʦ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

;)( sinxexCy -=  

ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʠ ʉ(ʭ) ʥʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʫʶ ʬʫʥʢʮʠʠ ʫ ʠ ʧʦʜʩʪʘʚʠʤ ʝʝ 

ʚ ʠʩʭʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ.  

;cos)()( sinsin xexCexCy xx -- -¡=¡  

;cossincos)(cos)()( sinsinsin xxxexCxexCexC xxx =+-¡ ---  

;cossin)(;cossin)( sinsin xxexCxxexC xx =¡=¡ -  

ññ =-=
îý

î
ü
û

îí

î
ì
ë

==

==
== xdxexe

xUxdxedV

xdxdUeV
xdxxexʉ xx

x

x

x cossin
;sin;cos

;cos;
cossin)( sinsin

sin

sin

sin  

.sin sinsin Cexe xx +-=  

 

 ʀʪʦʛʦ ( );sin sinsinsin Cexeey xxx +-= -       ;1sin sinxCexy -+-=  

 

 

ʇʨʦʚʝʨʠʤ ʧʦʣʫʯʝʥʥʦʝ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʧʦʜʩʪʘʥʦʚʢʦʡ ʚ ʠʩʭʦʜʥʦʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ. 

;cossincoscoscossin)cos(cos sinsin xxxCexxxxCex xx =+-+-+ --  (ʚʝʨʥʦ) 

 

ʅʘʡʜʝʤ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʧʨʠ ʫ(0) = 0. 

.1;10sin0 0 =+-= CCe  

 

ʆʢʦʥʯʘʪʝʣʴʥʦ .1sin sin -+= - xexy  

 

 

 

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 

dxxyydyxydyxdx 22 53320 -=-  

ʩ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʝʤ ʫ(1) = 1. 

 

 ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʦʙʨʘʟʦʚʘʥʦ ʠ ʧʨʝʜʩʪʘʚʣʝʥʦ ʢʘʢ ʫʨʘʚʥʝʥʠʝ ʩ 

ʨʘʟʜʝʣʝʥʥʳʤʠ ʧʝʨʝʤʝʥʥʳʤʠ. 

);4(5)1(3;53320 2222 +=+¡-¡=¡- yxxyyxyyyxyyx  

;
1

5

4

3
;

1

5

4

3
2222

dx
x

x
dy

y

y

x

x

y

y
y

+
=

++
=

+
¡  

;
1

5

4

3
22ñ ñ +

=
+

dx
x

x
dy

y

y
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1

22 ln)1ln(
2

5
)4ln(

2

3
Cxy ++=+  

;)1(4;)1()4( 3 2225232 +Ö=++Ö=+ xCyxCy  

;4)1( 3

5

22 -+= xCy       

  

   ;4)1( 3

5

2 -+= xCy  

 

ʉ ʫʯʝʪʦʤ ʥʘʯʘʣʴʥʦʛʦ ʫʩʣʦʚʠ:̫ 

;
32

125
;48125;425;4421;432421 333333

5

=Ö==-=-=-Ö= CCCCʉʉ

.
42

5
3

=C  

 

ʆʢʦʥʯʘʪʝʣʴʥʦ   .4
2

1
5

3

5

2

-öö
÷

õ
ææ
ç

å +
=

x
y  

 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 1+=+¡ xyyx  ʩ ʥʘʯʘʣʴʥʳʤ 

ʫʩʣʦʚʠʝʤ  ʫ(1) = 0. 

 

ʕʪʦ ʣʠʥʝʡʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ. 

ʈʝʰʠʤ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ. 

;lnlnln;;;0 Cxy
x

dx

y

dy
y

dx

xdy
yyx +-=-=-==+¡  

;;
x

C
yCxy ==  

 

ʈʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

;
)(

x

xC
y=  

ʇʦʜʩʪʘʚʠʤ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

;1)(;1
)(

;1
)()()(

2
+=¡+=

¡
+=+

-¡
xxCx

x

xxC
x

x

xC

x

xCxxC
x  

;
2

)(
2

Cx
x

xC ++=  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ:   ;1
2 x

Cx
y ++=  

 

C ʫʯʝʪʦʤ ʥʘʯʘʣʴʥʦʛʦ ʫʩʣʦʚʠʷ ʫ(1) = 0:   ;
2

3
;1

2

1
0 -=++= CC  

ʏʘʩʪʥʦʝ ʨʝʰʝʥʠʝ:   ;1
2

3

2
+-=

x

x
y  
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ʇʨʠʤʝʨ. ʅʘʡʪʠ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ö
÷

õ
æ
ç

å
=¡

x

y
yyx ln  ʩ 

ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʝʤ ʫ(1) = ʝ. 

 

ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʤʦʞʝʪ ʙʳʪʴ ʧʨʠʚʝʜʝʥʦ ʢ ʚʠʜʫ ʫʨʘʚʥʝʥʠʷ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ 

ʧʝʨʝʤʝʥʥʳʤʠ ʩ ʧʦʤʦʱʴʶ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʳʭ. 

ʆʙʦʟʥʘʯʠʤ: ;;;;ln uuuu eeuxyxeye
x

y
u

x

y
+¡=¡===ö

÷

õ
æ
ç

å
 

ʋʨʘʚʥʝʥʠʝ ʧʨʠʥʠʤʘʝʪ ʚʠʜ: 

;1;1; -=¡=+¡=+¡ uuxuuxueeeux uuu  

 

ʇʦʣʫʯʠʣʠ ʫʨʘʚʥʝʥʠʝ ʩ ʨʘʟʜʝʣʷʶʱʠʤʠʩʷ ʧʝʨʝʤʝʥʥʳʤʠ. 

;
1

;1
x

dx

u

du
u

dx

du
x =

-
-=  

;1;lnln1ln;
1

CxuCxu
x

dx

u

du
=-+=-=

-ñ ñ  

 

ʉʜʝʣʘʝʤ ʦʙʨʘʪʥʫʶ ʟʘʤʝʥʫ: ;;1ln;1ln 1+=+=ö
÷

õ
æ
ç

å
-ö
÷

õ
æ
ç

å
= Cxe

x

y
Cx

x

y

x

y
Cx  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: ;1+= Cxxey  

 

C ʫʯʝʪʦʤ ʥʘʯʘʣʴʥʦʛʦ ʫʩʣʦʚʠʷ ʫ(1) = ʝ:   ;0;1 == + Cee C  

ʏʘʩʪʥʦʝ ʨʝʰʝʥʠʝ: ;exy=  

 

 ɺʪʦʨʦʡ ʩʧʦʩʦʙ ʨʝʰʝʥʠʷ. 

 

;lnln

;lnln

;ln

x
x

y
y

x

y
y

xyyyyx

x

y
yyx

-=-¡

-=¡

=¡

 

 ʇʦʣʫʯʠʣʠ ʣʠʥʝʡʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ. 

ʉʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʦʜʥʦʨʦʜʥʦʝ: 

( )

;;ln;lnlnlnln

;
ln

ln
;

ln
;ln

;0ln

CxeyCxyCxy

x

dx

y

yd

x

dx

yy

dy
y

x

y
y

y
x

y
y

==+=

===¡

=-¡

ñ ñ  

 

 ʈʝʰʝʥʠʝ ʠʩʭʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʱʝʤ ʚ ʚʠʜʝ: ;)( xxCey=  

ʊʦʛʜʘ ( );)()()( xCxxCey xxC +¡=¡  

ʇʦʜʩʪʘʚʠʤ ʧʦʣʫʯʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

( ) ;ln)()(
)(

)()(

x

e
exCxxCxe

xxC
xxCxxC =+¡  
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;
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)(;ln)(

;ln)()()(
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x

x
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xxxCxxCxCx

-=¡-=¡

-=+¡

 

;
1lnln

;
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;

;;ln
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)(
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2

2
C

xx

x

x

dx
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x

x
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x

dx
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dx
dvxu
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x
xC ++=ù
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ø
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ê

è -
---=

î
î
ý

îî
ü

û

î
î
í

îî
ì

ë

-==

==

=-= ññ  

;11ln)( +++ === CxCxxxxC xeeey  

 

 ʇʦʣʫʯʘʝʤ ʦʙʱʝʝ ʨʝʰʝʥʠʝ: ;1+= Cxxey  

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 0=-+¡
x

y
ey x

y

 ʩ ʥʘʯʘʣʴʥʳʤ 

ʫʩʣʦʚʠʝʤ ʫ(1)=0. 

 

ɺ ʵʪʦʤ ʫʨʘʚʥʝʥʠʠ ʪʘʢʞʝ ʫʜʦʙʥʦ ʧʨʠʤʝʥʠʪʴ ʟʘʤʝʥʫ ʧʝʨʝʤʝʥʥʳʭ. 

;ln;ln;ln;
u

ux
uyuxyu

x

y
uex

y
¡

+=¡===  

ʋʨʘʚʥʝʥʠʝ ʧʨʠʥʠʤʘʝʪ ʚʠʜ: ;0;0lnln 2 =+¡=-+
¡

+ uuxuu
u

ux
u  

;;;
22

2

ññ -=-=-=¡
x

dx

u

du

x

dx

u

du
uux  

;ln
1

;lnln
1

Cx
u

Cx
u

=+=  

ɼʝʣʘʝʤ ʦʙʨʘʪʥʫʶ ʧʦʜʩʪʘʥʦʚʢʫ: );ln(ln;ln Cx
x

y
Cxe x

y

=-=
-

 

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: );ln(lnCxxy -=  

 

C ʫʯʝʪʦʤ ʥʘʯʘʣʴʥʦʛʦ ʫʩʣʦʚʠʷ ʫ(1) = 0:  ;);ln(ln0 eCC =-=  

 

ʏʘʩʪʥʦʝ ʨʝʰʝʥʠʝ:   );ln(ln exxy -=  

 

 

 ɺʪʦʨʦʡ ʩʧʦʩʦʙ ʨʝʰʝʥʠʷ. 

0=-+¡
x

y
ey x

y

 

ɿʘʤʝʥʘ ʧʝʨʝʤʝʥʥʦʡ: ;
x

y
u=  ;; uxuyuxy +¡=¡=  

0=-++¡ ueuxu u  

0=+¡ uexu  

uex
dx

du
-=  

x

dx
due u =- -  
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ñ ñ=- - ;
x

dx
due u  

;ln;lnln CxeCxe uu =+= --  

);ln(ln);ln(ln CxuCxu -==-  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: );ln(lnCxxy -=  

 

 

 

 

 

 

ɻʝʦʤʝʪʨʠʯʝʩʢʘʷ ʠʥʪʝʨʧʨʝʪʘʮʠʷ ʨʝʰʝʥʠʡ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. 

 

                                                             ʫ                               a 

                   b 

         

        A                   S 

 

 

 

 

          x 

      

 

 ʂʘʢ ʫʞʝ ʛʦʚʦʨʠʣʦʩʴ ʚʳʰʝ (ʩʤ. ʀʥʪʝʛʨʘʣʴʥʳʝ ʢʨʠʚʳʝ. ), ʣʠʥʠʷ S, ʢʦʪʦʨʘʷ 

ʟʘʜʘʝʪʩʷ ʬʫʥʢʮʠʝʡ, ʷʚʣʷʶʱʝʡʩʷ ʢʘʢʠʤ- ʣʠʙʦ ʨʝʰʝʥʠʝʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, 

ʥʘʟʳʚʘʝʪʩʷ ʠʥʪʝʛʨʘʣʴʥʦʡ ʢʨʠʚʦʡ ʫʨʘʚʥʝʥʠʷ ).,( yxfy =¡  

 ʇʨʦʠʟʚʦʜʥʘʷ yô ʷʚʣʷʝʪʩʷ ʫʛʣʦʚʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ ʢʘʩʘʪʝʣʴʥʦʡ ʢ 

ʠʥʪʝʛʨʘʣʴʥʦʡ ʢʨʠʚʦʡ. 
 ɺ ʣʶʙʦʡ ʪʦʯʢʝ ɸ(ʭ, ʫ) ʠʥʪʝʛʨʘʣʴʥʦʡ ʢʨʠʚʦʡ ʵʪʦʪ ʫʛʣʦʚʦʡ  ʢʦʵʬʬʠʮʠʝʥʪ 

ʢʘʩʘʪʝʣʴʥʦʡ ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥ ʝʱʝ ʜʦ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

ʊ.ʢ. ʢʘʩʘʪʝʣʴʥʘʷ ʫʢʘʟʳʚʘʝʪ ʥʘʧʨʘʚʣʝʥʠʝ ʠʥʪʝʛʨʘʣʴʥʦʡ ʢʨʠʚʦʡ ʝʱʝ ʜʦ ʝʝ 

ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦʛʦ ʧʦʩʪʨʦʝʥʠʷ, ʪʦ ʧʨʠ ʫʩʣʦʚʠʠ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ f(x, y) ʠ 

ʥʝʧʨʝʨʳʚʥʦʛʦ ʧʝʨʝʤʝʱʝʥʠʷ ʪʦʯʢʠ ɸ ʤʦʞʥʦ ʥʘʛʣʷʜʥʦ ʠʟʦʙʨʘʟʠʪʴ ʧʦʣʝ ʥʘʧʨʘʚʣʝʥʠʡ 

ʢʨʠʚʳʭ, ʢʦʪʦʨʳʝ ʧʦʣʫʯʘʶʪʩʷ ʚ ʨʝʟʫʣʴʪʘʪʝ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ, ʪ.ʝ. ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʝʛʦ ʦʙʱʝʝ ʨʝʰʝʥʠʝ. 

  

 ʆʧʨʝʜʝʣʝʥʠʝ. ʄʥʦʞʝʩʪʚʦ ʢʘʩʘʪʝʣʴʥʳʭ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ 

ʦʙʣʘʩʪʠ ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʝʤ ʥʘʧʨʘʚʣʝʥʠʡ. 

  

 ʉ ʫʯʝʪʦʤ ʩʢʘʟʘʥʥʦʛʦ ʚʳʰʝ ʤʦʞʥʦ ʧʨʠʚʝʩʪʠ ʩʣʝʜʫʶʱʝʝ ʛʝʦʤʝʪʨʠʯʝʩʢʦʝ 

ʠʩʪʦʣʢʦʚʘʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

 1) ɿʘʜʘʪʴ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ï ʵʪʦ ʟʥʘʯʠʪ ʟʘʜʘʪʴ 

ʧʦʣʝ ʥʘʧʨʘʚʣʝʥʠʡ. 

 2) ʈʝʰʠʪʴ ʠʣʠ ʧʨʦʠʥʪʝʛʨʠʨʦʚʘʪʴ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ï ʵʪʦ ʟʥʘʯʠʪ 

ʥʘʡʪʠ ʚʩʝʚʦʟʤʦʞʥʳʝ ʢʨʠʚʳʝ, ʫ ʢʦʪʦʨʳʭ ʥʘʧʨʘʚʣʝʥʠʝ ʢʘʩʘʪʝʣʴʥʳʭ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ 

ʩʦʚʧʘʜʘʝʪ ʩ ʧʦʣʝʤ ʥʘʧʨʘʚʣʝʥʠʡ. 
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 ʆʧʨʝʜʝʣʝʥʠʝ. ʃʠʥʠʠ ʨʘʚʥʦʛʦ ʥʘʢʣʦʥʘ ʚ ʧʦʣʝ ʥʘʧʨʘʚʣʝʥʠʡ ʥʘʟʳʚʘʶʪʩʷ 

ʠʟʦʢʣʠʥʘʤʠ. 

 

 

ʏʠʩʣʝʥʥʳʝ ʤʝʪʦʜʳ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ. 

 

 ʀʟʚʝʩʪʥʳʝ ʤʝʪʦʜʳ ʪʦʯʥʦʛʦ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ 

ʧʦʟʚʦʣʷʶʪ ʥʘʡʪʠ ʨʝʰʝʥʠʝ ʚ ʚʠʜʝ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ, ʦʜʥʘʢʦ ʵʪʠ ʤʝʪʦʜʳ 

ʧʨʠʤʝʥʠʤʳ ʜʣʷ ʦʯʝʥʴ ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʢʣʘʩʩʘ ʬʫʥʢʮʠʡ. ɹʦʣʴʰʠʥʩʪʚʦ ʫʨʘʚʥʝʥʠʡ, 

ʚʩʪʨʝʯʘʶʱʠʭʩʷ ʧʨʠ ʨʝʰʝʥʠʠ ʧʨʘʢʪʠʯʝʩʢʠʭ ʟʘʜʘʯ ʥʝʣʴʟʷ ʧʨʦʠʥʪʝʛʨʠʨʦʚʘʪʴ ʩ ʧʦʤʦʱʴʶ 

ʵʪʠʭ ʤʝʪʦʜʦʚ. 

 ɺ ʪʘʢʠʭ ʩʣʫʯʘʷʭ ʠʩʧʦʣʴʟʫʶʪʩʷ ʯʠʩʣʝʥʥʳʝ ʤʝʪʦʜʳ ʨʝʰʝʥʠʷ, ʢʦʪʦʨʳʝ 

ʧʨʝʜʩʪʘʚʣʷʶʪ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʥʝ ʚ ʚʠʜʝ ʘʥʘʣʠʪʠʯʝʩʢʦʡ 

ʬʫʥʢʮʠʠ, ʘ ʚ ʚʠʜʝ ʪʘʙʣʠʮ ʟʥʘʯʝʥʠʡ ʠʩʢʦʤʦʡ ʬʫʥʢʮʠʠ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʟʥʘʯʝʥʠʷ 

ʧʝʨʝʤʝʥʥʦʡ. 

 ʉʫʱʝʩʪʚʫʝʪ ʥʝʩʢʦʣʴʢʦ ʤʝʪʦʜʦʚ ʯʠʩʣʝʥʥʦʛʦ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ, ʢʦʪʦʨʳʝ ʦʪʣʠʯʘʶʪʩʷ ʜʨʫʛ ʦʪ ʜʨʫʛʘ ʧʦ ʩʣʦʞʥʦʩʪʠ ʚʳʯʠʩʣʝʥʠʡ ʠ ʪʦʯʥʦʩʪʠ 

ʨʝʟʫʣʴʪʘʪʘ. 

 ʈʘʩʩʤʦʪʨʠʤ ʥʝʢʦʪʦʨʳʝ ʠʟ ʥʠʭ. 

 

 

ʄʝʪʦʜ ʕʡʣʝʨʘ. 

(ʃʝʦʥʘʨʜ ʕʡʣʝʨ (1707 ï 1783) ʰʚʝʡʮʘʨʩʢʠʡ ʤʘʪʝʤʘʪʠʢ ) 

 

 ʀʟʚʝʩʪʥʦ, ʯʪʦ ʫʨʘʚʥʝʥʠʝ ),( yxfy =¡  ʟʘʜʘʝʪ ʚ ʥʝʢʦʪʦʨʦʡ ʦʙʣʘʩʪʠ ʧʦʣʝ 

ʥʘʧʨʘʚʣʝʥʠʡ. ʈʝʰʝʥʠʝ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩ ʥʝʢʦʪʦʨʳʤʠ ʥʘʯʘʣʴʥʳʤʠ ʫʩʣʦʚʠʷʤʠ ʜʘʝʪ 

ʢʨʠʚʫʶ, ʢʦʪʦʨʘʷ ʢʘʩʘʝʪʩʷ ʧʦʣʷ ʥʘʧʨʘʚʣʝʥʠʡ ʚ ʣʶʙʦʡ ʪʦʯʢʝ. 

 ɽʩʣʠ ʚʟʷʪʴ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ ʭ0, ʭ1, ʭ2, é. ʠ ʟʘʤʝʥʠʪʴ ʥʘ ʧʦʣʫʯʠʚʰʠʭʩʷ 

ʦʪʨʝʟʢʘʭ ʠʥʪʝʛʨʘʣʴʥʫʶ ʢʨʠʚʫʶ ʥʘ ʦʪʨʝʟʢʠ ʢʘʩʘʪʝʣʴʥʳʭ ʢ ʥʝʡ, ʪʦ ʧʦʣʫʯʠʤ ʣʦʤʘʥʫʶ 

ʣʠʥʠʶ.   

            y 

 

        M2 

            M1       M3 

                M0 

                       y0    M4 

 

             0    x0   x1   x2     x3     x4           x 

 

 ʇʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʟʘʜʘʥʥʳʭ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ (ʭ0, ʫ0) ʚ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ 

ʫʨʘʚʥʝʥʠʝ ),( yxfy =¡ ʧʦʣʫʯʘʝʤ ʫʛʣʦʚʦʡ ʢʦʵʬʬʠʮʠʝʥʪ ʢʘʩʘʪʝʣʴʥʦʡ ʢ ʠʥʪʝʛʨʘʣʴʥʦʡ 

ʢʨʠʚʦʡ ʚ ʥʘʯʘʣʴʥʦʡ ʪʦʯʢʝ  

).,( 000 yxfytg =¡=a  

 ɿʘʤʝʥʠʚ ʥʘ ʦʪʨʝʟʢʝ [x0, x1] ʠʥʪʝʛʨʘʣʴʥʫʶ ʢʨʠʚʫʶ ʥʘ ʢʘʩʘʪʝʣʴʥʫʶ ʢ ʥʝʡ, 

ʧʦʣʫʯʘʝʤ ʟʥʘʯʝʥʠʝ  

).)(,( 010001 xxyxfyy -+=  

 ʇʨʦʠʟʚʦʜʷ ʘʥʘʣʦʛʠʯʥʫʶ ʦʧʝʨʘʮʠʶ ʜʣʷ ʦʪʨʝʟʢʘ [x1, x2], ʧʦʣʫʯʘʝʤ: 

).)(,( 121112 xxyxfyy -+=  

 ʇʨʦʜʦʣʞʘʷ ʧʦʜʦʙʥʳʝ ʜʝʡʩʪʚʠʷ ʜʘʣʝʝ, ʧʦʣʫʯʘʝʤ ʣʦʤʘʥʫʶ ʢʨʠʚʫʶ, ʢʦʪʦʨʘʷ 

ʥʘʟʳʚʘʝʪʩʷ ʣʦʤʘʥʦʡ ʕʡʣʝʨʘ. 

 ʄʦʞʥʦ ʟʘʧʠʩʘʪʴ ʦʙʱʫʶ ʬʦʨʤʫʣʫ ʚʳʯʠʩʣʝʥʠʡ: 
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).)(,( 1111 ---- -+= nnnnnn xxyxfyy  

 

 ɽʩʣʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ ʭi ʚʳʙʨʘʪʴ ʪʘʢ, ʯʪʦʙʳ ʦʥʠ ʦʪʩʪʦʷʣʠ ʜʨʫʛ ʦʪ ʜʨʫʛʘ 

ʥʘ ʦʜʠʥʘʢʦʚʦʝ ʨʘʩʩʪʦʷʥʠʝ h, ʥʘʟʳʚʘʝʤʦʝ ʰʘʛʦʤ ʚʳʯʠʩʣʝʥʠʷ, ʪʦ ʧʦʣʫʯʘʝʤ ʬʦʨʤʫʣʫ: 

 

hyxfyy nnnn ),( 111 ---+=  

 

ʉʣʝʜʫʝʪ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʪʦʯʥʦʩʪʴ ʤʝʪʦʜʘ ʕʡʣʝʨʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʚʳʩʦʢʘ. 

ʋʚʝʣʠʯʠʪʴ ʪʦʯʥʦʩʪʴ ʤʦʞʥʦ, ʢʦʥʝʯʥʦ, ʫʤʝʥʴʰʠʚ ʰʘʛ ʚʳʯʠʩʣʝʥʠʡ, ʦʜʥʘʢʦ, ʵʪʦ ʧʨʠʚʝʜʝʪ 

ʢ ʫʩʣʦʞʥʝʥʠʶ ʨʘʩʯʝʪʦʚ. ʇʦʵʪʦʤʫ ʥʘ ʧʨʘʢʪʠʢʝ ʧʨʠʤʝʥʷʝʪʩʷ ʪʘʢ ʥʘʟʳʚʘʝʤʳʡ 

ʫʪʦʯʥʝʥʥʳʡ ʤʝʪʦʜ ʕʡʣʝʨʘ ʠʣʠ ʬʦʨʤʫʣʘ ʧʝʨʝʩʯʝʪʘ. 

ʉʫʪʴ ʤʝʪʦʜʘ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʚ ʬʦʨʤʫʣʝ hyxfyy ),( 0001 +=  ʚʤʝʩʪʦ ʟʥʘʯʝʥʠʷ 

),( 000 yxfy =¡  ʙʝʨʝʪʩʷ ʩʨʝʜʥʝʝ ʘʨʠʬʤʝʪʠʯʝʩʢʦʝ ʟʥʘʯʝʥʠʡ f(x0, y0) ʠ f(x1, y1). ʊʦʛʜʘ 

ʫʪʦʯʥʝʥʥʦʝ ʟʥʘʯʝʥʠʝ: 

;
2

),(),( 1100

0

)1(

1 h
yxfyxf

yy
+

+=  

 

 ɿʘʪʝʤ ʥʘʭʦʜʠʪʩʷ ʟʥʘʯʝʥʠʝ ʧʨʦʠʟʚʦʜʥʦʡ ʚ ʪʦʯʢʝ ),( )1(

11 yx . ɿʘʤʝʥʷʷ f(x0, y0) 

ʩʨʝʜʥʠʤ ʘʨʠʬʤʝʪʠʯʝʩʢʠʤ ʟʥʘʯʝʥʠʡ f(x0, y0) ʠ ),( )1(

11 yxf , ʥʘʭʦʜʷʪ ʚʪʦʨʦʝ ʫʪʦʯʥʝʥʥʦʝ 

ʟʥʘʯʝʥʠʝ ʫ1. 

;
2

),(),( )1(

1100

0

)2(

1 h
yxfyxf

yy
+

+=  

 ɿʘʪʝʤ ʪʨʝʪʴʝ: 

;
2

),(),( )2(

1100

0

)3(

1 h
yxfyxf

yy
+

+=  

ʠ ʪ.ʜ. ʧʦʢʘ ʜʚʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʭ ʫʪʦʯʥʝʥʥʳʭ ʟʥʘʯʝʥʠʷ ʥʝ ʩʦʚʧʘʜʫʪ ʚ ʧʨʝʜʝʣʘʭ 

ʟʘʜʘʥʥʦʡ ʩʪʝʧʝʥʠ ʪʦʯʥʦʩʪʠ. ʊʦʛʜʘ ʵʪʦ ʟʥʘʯʝʥʠʝ ʧʨʠʥʠʤʘʝʪʩʷ ʟʘ ʦʨʜʠʥʘʪʫ ʪʦʯʢʠ ʄ1 

ʣʦʤʘʥʦʡ ʕʡʣʝʨʘ. 

 ɸʥʘʣʦʛʠʯʥʘʷ ʦʧʝʨʘʮʠʷ ʧʨʦʠʟʚʦʜʠʪʩʷ ʜʣʷ ʦʩʪʘʣʴʥʳʭ ʟʥʘʯʝʥʠʡ ʫ. 

 

ʇʦʜʦʙʥʦʝ ʫʪʦʯʥʝʥʠʝ ʧʦʟʚʦʣʷʝʪ ʩʫʱʝʩʪʚʝʥʥʦ ʧʦʚʳʩʠʪʴ ʪʦʯʥʦʩʪʴ ʨʝʟʫʣʴʪʘʪʘ. 

 

 ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʢʦʤʧʴʶʪʝʨʥʦʡ ʚʝʨʩʠʠ ñʂʫʨʩʘ ʚʳʩʰʝʡ ʤʘʪʝʤʘʪʠʢʠò 

ʚʦʟʤʦʞʥʦ ʟʘʧʫʩʪʠʪʴ ʧʨʦʛʨʘʤʤʫ, ʢʦʪʦʨʘʷ ʨʝʰʘʝʪ ʣʶʙʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 

ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʤʝʪʦʜʦʤ ʕʡʣʝʨʘ ʠ ʫʪʦʯʥʝʥʥʳʤ ʤʝʪʦʜʦʤ ʕʡʣʝʨʘ. ʅʘ ʢʘʞʜʦʤ ʰʘʛʝ 

ʚʳʯʠʩʣʝʥʠʡ ʧʦʜʨʦʙʥʦ ʚʳʚʦʜʷʪʩʷ ʚʩʝ ʫʢʘʟʘʥʥʳʝ ʚʳʰʝ ʟʥʘʯʝʥʠʷ. 

 ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʜʚʘʞʜʳ ʱʝʣʢʥʠʪʝ ʥʘ ʟʥʘʯʢʝ 

 

 ʇʨʠʤʝʯʘʥʠʝ: ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʥʝʦʙʭʦʜʠʤʦ ʯʪʦʙʳ ʥʘ ʢʦʤʧʴʶʪʝʨʝ ʙʳʣʘ 

ʫʩʪʘʥʦʚʣʝʥʘ ʧʨʦʛʨʘʤʤʘ Maple (Ò Waterloo Maple Inc.) ʣʶʙʦʡ ʚʝʨʩʠʠ, ʥʘʯʠʥʘʷ ʩ MapleV 

Release 4. 
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ʄʝʪʦʜ ʈʫʥʛʝ ï ʂʫʪʪʘ. 

 

 ʄʝʪʦʜ ʈʫʥʛʝ ï ʂʫʪʪʘ ʷʚʣʷʝʪʩʷ ʙʦʣʝʝ ʪʦʯʥʳʤ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʤʝʪʦʜʦʤ ʕʡʣʝʨʘ. 

ʉʫʪʴ ʫʪʦʯʥʝʥʠʷ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʠʩʢʦʤʦʝ ʨʝʰʝʥʠʝ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʚ ʚʠʜʝ ʨʘʟʣʦʞʝʥʠʷ 

ʚ ʨʷʜ ʊʝʡʣʦʨʘ. (ʉʤ.  ʌʦʨʤʫʣʘ ʊʝʡʣʦʨʘ. ) 
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 ɽʩʣʠ ʚ ʵʪʦʡ ʬʦʨʤʫʣʝ ʦʛʨʘʥʠʯʠʪʴʩʷ ʜʚʫʤʷ ʧʝʨʚʳʤʠ ʩʣʘʛʘʝʤʳʤʠ, ʪʦ ʧʦʣʫʯʠʤ 

ʬʦʨʤʫʣʫ ʤʝʪʦʜʘ ʕʡʣʝʨʘ. ʄʝʪʦʜ ʈʫʥʛʝ ï ʂʫʪʪʘ ʫʯʠʪʳʚʘʝʪ ʯʝʪʳʨʝ ʧʝʨʚʳʭ ʯʣʝʥʘ 

ʨʘʟʣʦʞʝʥʠʷ. 
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 ɺ ʤʝʪʦʜʝ ʈʫʥʛʝ ï ʂʫʪʪʘ ʧʨʠʨʘʱʝʥʠʷ Dyi ʧʨʝʜʣʘʛʘʝʪʩʷ ʚʳʯʠʩʣʷʪʴ ʧʦ ʬʦʨʤʫʣʝ: 
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         ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʤʝʪʦʜʦʤ ʈʫʥʛʝ ï ʂʫʪʪʘ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ yxy +=¡  

ʧʨʠ ʥʘʯʘʣʴʥʦʤ ʫʩʣʦʚʠʠ ʫ(0) = 1 ʥʘ ʦʪʨʝʟʢʝ [0; 0,5] ʩ ʰʘʛʦʤ 0,1. 

 

 ɼʣʷ i = 0 ʚʳʯʠʩʣʠʤ ʢʦʵʬʬʠʮʠʝʥʪʳ ki. 
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 ʇʦʩʣʝʜʫʶʱʠʝ ʚʳʯʠʩʣʝʥʠʷ ʧʨʠʚʦʜʠʪʴ ʥʝ ʙʫʜʝʤ, ʘ ʨʝʟʫʣʴʪʘʪʳ ʧʨʝʜʩʪʘʚʠʤ ʚ ʚʠʜʝ 

ʪʘʙʣʠʮʳ. 
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i xi k Dyi  yi  

 

0 

 

 

0 

1 0,1000  

0,1104 

 

1 2 0,1100 

3 0,1105 

4 0,1155 

 

1 

 

0,1 

1 0,1210  

0,1325 

 

1,1104 2 0,1321 

3 0,1326 

4 0,1443 

 

2 

 

0,2 

1 0,1443  

0,1569 

 

1,2429 2 0,1565 

3 0,1571 

4 0,1700 

 

3 

 

0.3 

1 0,1700  

0,1840 

 

1,3998 2 0,1835 

3 0,1842 

4 0,1984 

 

4 

 

0,4 

1 0,1984  

0,2138 

 

1,5838 2 0,2133 

3 0,2140 

4 0,2298 

5 0,5  1,7976 

 

 

 ʈʝʰʠʤ ʵʪʦʪ ʞʝ ʧʨʠʤʝʨ ʤʝʪʦʜʦʤ ʕʡʣʝʨʘ. 

 

ʇʨʠʤʝʥʷʝʤ ʬʦʨʤʫʣʫ ).,( 111 ---+= nnnn yxhfyy  

 

;1),(,1,0 000000 =+=== yxyxfyx  

      ;1,0)(),( 0000 =+= yxhyxhf  

      .1,11,01),( 0001 =+=+= yxhfyy  

 

;2,1),(1,11,0 111101 =+=== yxyxfyx  

      ;12,0)(),( 1111 =+= yxhyxhf  

      .22,112,01,1),( 1112 =+=+= yxhfyy  

 

 ʇʨʦʠʟʚʦʜʷ ʘʥʘʣʦʛʠʯʥʳʝ ʚʳʯʠʩʣʝʥʠʷ ʜʘʣʝʝ, ʧʦʣʫʯʘʝʤ ʪʘʙʣʠʮʫ ʟʥʘʯʝʥʠʡ: 

 

i 0 1 2 3 4 5 

xi 0,0 0,1 0,2 0,3 0,4 0,5 

yi  1 1,1 1,22 1,362 1,528 1,721 

 

 ʇʨʠʤʝʥʠʤ  ʪʝʧʝʨʴ ʫʪʦʯʥʝʥʥʳʡ ʤʝʪʦʜ ʕʡʣʝʨʘ. 

 

i 0 1 2 3 4 5 

xi 0,0 0,1 0,2 0,3 0,4 0,5 

yi  1 1,1 1,243 1,400 1,585 1,799 
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 ɼʣʷ ʩʨʘʚʥʝʥʠʷ ʪʦʯʥʦʩʪʠ ʧʨʠʚʝʜʝʥʥʳʭ ʤʝʪʦʜʦʚ ʯʠʩʣʝʥʥʦʛʦ ʨʝʰʝʥʠʝ ʜʘʥʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʨʝʰʠʤ ʝʛʦ ʘʥʘʣʠʪʠʯʝʩʢʠ ʠ ʥʘʡʜʝʤ ʪʦʯʥʳʝ ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ ʫ ʥʘ ʟʘʜʘʥʥʦʤ 

ʦʪʨʝʟʢʝ. 

 

 ʋʨʘʚʥʝʥʠʝ xyy =-¡  ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʳʤ ʥʝʦʜʥʦʨʦʜʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ 

ʫʨʘʚʥʝʥʠʝʤ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. ʈʝʰʠʤ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ. 
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 ʈʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʤʝʝʪ ʚʠʜ .)( xexCy=  
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ʆʙʱʝʝ ʨʝʰʝʥʠʝ: ;1--= xCey x  

 

 C ʫʯʝʪʦʤ ʥʘʯʘʣʴʥʦʛʦ ʫʩʣʦʚʠʷ: ;2;101 =--= CC  

ʏʘʩʪʥʦʝ ʨʝʰʝʥʠʝ: ;12 --= xey x  

 

 

 ɼʣʷ ʩʨʘʚʥʝʥʠʷ ʧʦʣʫʯʝʥʥʳʭ ʨʝʟʫʣʴʪʘʪʦʚ ʩʦʩʪʘʚʠʤ ʪʘʙʣʠʮʫ. 

 

i xi yi  

ʄʝʪʦʜ ʕʡʣʝʨʘ ʋʪʦʯʥʝʥʥʳʡ 

ʤʝʪʦʜ ʕʡʣʝʨʘ 

ʄʝʪʦʜ ʈʫʥʛʝ - 

ʂʫʪʪʘ 

ʊʦʯʥʦʝ 

ʟʥʘʯʝʥʠʝ 

0 0 1 1 1 1 

1 0,1 1,1 1,1 1,1104 1,1103 

2 0,2 1,22 1,243 1,2429 1,2428 

3 0,3 1,362 1,4 1,3998 1,3997 

4 0,4 1,528 1,585 1,5838 1,5837 

5 0,5 1,721 1,799 1,7976 1,7975 

 

 ʂʘʢ ʚʠʜʥʦ ʠʟ ʧʦʣʫʯʝʥʥʳʭ ʨʝʟʫʣʴʪʘʪʦʚ ʤʝʪʦʜ ʈʫʥʛʝ ï ʂʫʪʪʘ ʜʘʝʪ ʥʘʠʙʦʣʝʝ 

ʪʦʯʥʳʡ ʦʪʚʝʪ. ʊʦʯʥʦʩʪʴ ʜʦʩʪʠʛʘʝʪ 0,0001. ʂʨʦʤʝ ʪʦʛʦ, ʩʣʝʜʫʝʪ ʦʙʨʘʪʠʪʴ ʚʥʠʤʘʥʠʝ ʥʘ 

ʪʦ, ʦʰʠʙʢʘ (ʨʘʩʭʦʞʜʝʥʠʝ ʤʝʞʜʫ ʪʦʯʥʳʤ ʠ ʧʨʠʙʣʠʞʝʥʥʳʤ ʟʥʘʯʝʥʠʷʤʠ) ʫʚʝʣʠʯʠʚʘʝʪʩʷ ʩ 

ʢʘʞʜʳʤ ʰʘʛʦʤ ʚʳʯʠʩʣʝʥʠʡ. ʕʪʦ ʦʙʫʩʣʦʚʣʝʥʦ ʪʝʤ, ʯʪʦ ʚʦ ï ʧʝʨʚʳʭ ʧʦʣʫʯʝʥʥʦʝ 

ʧʨʠʙʣʠʞʝʥʥʦʝ ʟʥʘʯʝʥʠʝ ʦʢʨʫʛʣʷʝʪʩʷ ʥʘ ʢʘʞʜʦʤ ʰʘʛʝ, ʘ ʚʦ ï ʚʪʦʨʳʭ ï ʪʝʤ, ʯʪʦ ʚ 

ʢʘʯʝʩʪʚʝ ʦʩʥʦʚʳ ʚʳʯʠʩʣʝʥʠʷ ʧʨʠʥʠʤʘʝʪʩʷ ʟʥʘʯʝʥʠʝ, ʧʦʣʫʯʝʥʥʦʝ ʥʘ ʧʨʝʜʳʜʫʱʝʤ ʰʘʛʝ, 

ʪ.ʝ. ʧʨʠʙʣʠʞʝʥʥʦʝ ʟʥʘʯʝʥʠʝ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ ʧʨʦʠʩʭʦʜʠʪ ʥʘʢʦʧʣʝʥʠʝ ʦʰʠʙʢʠ. 

 ʕʪʦ ʭʦʨʦʰʦ ʚʠʜʥʦ ʠʟ ʪʘʙʣʠʮʳ. ʉ ʢʘʞʜʳʤ ʥʦʚʳʤ ʰʘʛʦʤ ʧʨʠʙʣʠʞʝʥʥʦʝ ʟʥʘʯʝʥʠʝ 

ʚʩʝ ʙʦʣʝʝ ʦʪʣʠʯʘʝʪʩʷ ʦʪ ʪʦʯʥʦʛʦ. 

 

 ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʢʤʧʴʶʪʝʨʥʦʡ ʚʝʨʩʠʠ ñʂʫʨʩʘ ʚʳʩʰʝʡ ʤʘʪʝʤʘʪʠʢʠò 

ʚʦʟʤʦʞʥʦ ʟʘʧʫʩʪʠʪʴ ʧʨʦʛʨʘʤʤʫ, ʢʦʪʦʨʘʷ ʨʝʰʘʝʪ ʣʶʙʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 

ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʨʘʩʩʤʦʪʨʝʥʥʳʤ ʚʳʰʝ ʤʝʪʦʜʦʤ ʈʫʥʛʝ- ʂʫʪʪʘ. ʇʨʦʛʨʘʤʤʘ ʧʦʜʨʦʙʥʦ 

ʚʳʚʦʜʠʪ ʨʝʟʫʣʴʪʘʪʳ ʚʳʯʠʩʣʝʥʠʡ ʥʘ ʢʘʞʜʦʤ ʰʘʛʝ. 



38 

 ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʜʚʘʞʜʳ ʱʝʣʢʥʠʪʝ ʥʘ ʟʥʘʯʢʝ 

 ʇʨʠʤʝʯʘʥʠʝ: ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʥʝʦʙʭʦʜʠʤʦ ʯʪʦʙʳ ʥʘ ʢʦʤʧʴʶʪʝʨʝ ʙʳʣʘ 

ʫʩʪʘʥʦʚʣʝʥʘ ʧʨʦʛʨʘʤʤʘ Maple (Ò Waterloo Maple Inc.) ʣʶʙʦʡ ʚʝʨʩʠʠ, ʥʘʯʠʥʘʷ ʩ MapleV 

Release 4. 

 

 

 

ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ ʧʦʨʷʜʢʘ n ʥʘʟʳʚʘʝʪʩʷ 

ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ: 

0),...,,,( )( =¡ nyyyxF  

 ɺ ʥʝʢʦʪʦʨʳʭ ʩʣʫʯʘʷʭ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʤʦʞʥʦ ʨʘʟʨʝʰʠʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ y
(n)

: 

).,...,,,( )1()( -¡= nn yyyxfy  

 ʊʘʢ ʞʝ ʢʘʢ ʠ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ, ʫʨʘʚʥʝʥʠʷ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ ʠʤʝʶʪ 

ʙʝʩʢʦʥʝʯʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʨʝʰʝʥʠʡ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʈʝʰʝʥʠʝ )(xy j= ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ 
)1(

0000 ,...,,, -¡ nyyyx , ʝʩʣʠ .)(,....,)(,)( )1(

00

)1(

0000

-- =j¡=j¡=j nn yxyxyx  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʅʘʭʦʞʜʝʥʠʝ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ 0),...,,,( )( =¡ nyyyxF , 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʛʦ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ )1(

0000 ,...,,, -¡ nyyyx , ʥʘʟʳʚʘʝʪʩʷ ʨʝʰʝʥʠʝʤ 

ʟʘʜʘʯʠ ʂʦʰʠ. 
 

 ʊʝʦʨʝʤʘ ʂʦʰʠ. (ʊʝʦʨʝʤʘ ʦ ʥʝʦʙʭʦʜʠʤʳʭ ʠ ʜʦʩʪʘʪʦʯʥʳʭ ʫʩʣʦʚʠʷʭ 

ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʂʦʰʠ). 

 ɽʩʣʠ ʬʫʥʢʮʠʷ (n-1) ïʡ ʧʝʨʝʤʝʥʥʳʭ ʚʠʜʘ ),...,,,( )1( -¡ nyyyxf ʚ ʥʝʢʦʪʦʨʦʡ ʦʙʣʘʩʪʠ 

D (n-1)- ʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʝʧʨʝʨʳʚʥʘ ʠ ʠʤʝʝʪ ʥʝʧʨʝʨʳʚʥʳʝ ʯʘʩʪʥʳʝ 

ʧʨʦʠʟʚʦʜʥʳʝ ʧʦ )1(,...,, -¡ nyyy , ʪʦ ʢʘʢʦʚʘ ʙʳ ʥʝ ʙʳʣʘ ʪʦʯʢʘ ()1(

0000 ,...,,, -¡ nyyyx ) ʚ ʵʪʦʡ 

ʦʙʣʘʩʪʠ, ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ )(xy j=  ʫʨʘʚʥʝʥʠʷ 

),...,,,( )1()( -¡= nn yyyxfy , ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʚ ʥʝʢʦʪʦʨʦʤ ʠʥʪʝʨʚʘʣʝ, ʩʦʜʝʨʞʘʱʝʤ ʪʦʯʢʫ 

ʭ0, ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ 
)1(

0000 ,...,,, -¡ nyyyx . 

 

 ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ, ʨʝʰʝʥʠʝ ʢʦʪʦʨʳʭ ʤʦʞʝʪ ʙʳʪʴ 

ʥʘʡʜʝʥʦ ʘʥʘʣʠʪʠʯʝʩʢʠ, ʤʦʞʥʦ ʨʘʟʜʝʣʠʪʴ ʥʘ ʥʝʩʢʦʣʴʢʦ ʦʩʥʦʚʥʳʭ ʪʠʧʦʚ. 

 ʈʘʩʩʤʦʪʨʠʤ ʧʦʜʨʦʙʥʝʝ ʤʝʪʦʜʳ ʥʘʭʦʞʜʝʥʠʷ ʨʝʰʝʥʠʡ ʵʪʠʭ ʫʨʘʚʥʝʥʠʡ. 

 

ʋʨʘʚʥʝʥʠʷ, ʜʦʧʫʩʢʘʶʱʠʝ ʧʦʥʠʞʝʥʠʝ ʧʦʨʷʜʢʘ. 

 

 ʇʦʥʠʞʝʥʠʝ ʧʦʨʷʜʢʘ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ï ʦʩʥʦʚʥʦʡ ʤʝʪʦʜ ʨʝʰʝʥʠʷ 

ʫʨʘʚʥʝʥʠʡ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. ʕʪʦʪ ʤʝʪʦʜ ʜʘʝʪ ʚʦʟʤʦʞʥʦʩʪʴ ʩʨʘʚʥʠʪʝʣʴʥʦ ʣʝʛʢʦ 

ʥʘʭʦʜʠʪʴ ʨʝʰʝʥʠʝ, ʦʜʥʘʢʦ, ʦʥ ʧʨʠʤʝʥʠʤ ʜʘʣʝʢʦ ʥʝ ʢʦ ʚʩʝʤ ʫʨʘʚʥʝʥʠʷʤ. ʈʘʩʩʤʦʪʨʠʤ 

ʩʣʫʯʘʠ, ʢʦʛʜʘ ʚʦʟʤʦʞʥʦ ʧʦʥʠʞʝʥʠʝ ʧʦʨʷʜʢʘ. 
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ʋʨʘʚʥʝʥʠʷ ʚʠʜʘ y
(n)

 = f(x). 

 

 ɽʩʣʠ f(x) ï ʬʫʥʢʮʠʷ ʥʝʧʨʝʨʳʚʥʘʷ ʥʘ ʥʝʢʦʪʦʨʦʤ ʧʨʦʤʝʞʫʪʢʝ a < x < b, ʪʦ 

ʨʝʰʝʥʠʝ ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʤ ʠʥʪʝʛʨʠʨʦʚʘʥʠʝʤ. 

;)( 1

)1( Cdxxfy n +=ñ
-  

( ) ;)()( 2121

)2( CxCdxxfdxCdxCdxxfy n ++=++= ññññ
-  

ééééééééééééééééééééééé. 

 

;...
)!2()!1(

)(....
2

2

1

1 n

nn

C
n

x
C

n

x
Cdxxfdxdxy ++

-
+

-
+=

--

ñññ  

  

ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ xey 2=¡¡¡  ʩ ʥʘʯʘʣʴʥʳʤʠ ʫʩʣʦʚʠʷʤʠ x0 = 0; y0 = 1; 

.0;1 00 =¡¡-=¡ yy  

 

;
2

1
1

2

1

2 CeCdxey xx +=+=¡¡ñ  

;
4

1

2

1
21

2

1

2 CxCedxCey xx ++=ö
÷

õ
æ
ç

å
+=¡ñ  

ñ +++=ö
÷

õ
æ
ç

å
++= ;

2

1

8

1

4

1
32

2

1

2

21

2 CxCxCeCxCey xx  

 

 ʇʦʜʩʪʘʚʠʤ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ: 

;
2

1
0;

4

1
1;

8

1
1 123 CCʉ +=+=-+=  

;
8

7
;

4

5
;

2

1
321 =-=-= CCC  

 ʇʦʣʫʯʘʝʤ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ (ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ): 
8

7

4

5

4

1

8

1 22 +--= xxey x . 

 

 ʅʠʞʝ ʧʦʢʘʟʘʥʘ ʠʥʪʝʛʨʘʣʴʥʘʷ ʢʨʠʚʘʷ ʜʘʥʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 
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ʋʨʘʚʥʝʥʠʷ, ʥʝ ʩʦʜʝʨʞʘʱʠʝ ʷʚʥʦ ʠʩʢʦʤʦʡ ʬʫʥʢʮʠʠ 

ʠ ʝʝ ʧʨʦʠʟʚʦʜʥʳʭ ʜʦ ʧʦʨʷʜʢʘ k ï 1 ʚʢʣʶʯʠʪʝʣʴʥʦ. 

 

ʕʪʦ ʫʨʘʚʥʝʥʠʷ ʚʠʜʘ: .0),...,,,( )()1()( =+ nkk yyyxF  

ɺ ʫʨʘʚʥʝʥʠʷʭ ʪʘʢʦʛʦ ʪʠʧʘ ʚʦʟʤʦʞʥʦ ʧʦʥʠʞʝʥʠʝ ʧʦʨʷʜʢʘ ʥʘ k ʝʜʠʥʠʮ. ɼʣʷ ʵʪʦʛʦ 

ʧʨʦʠʟʚʦʜʷʪ ʟʘʤʝʥʫ ʧʝʨʝʤʝʥʥʦʡ: 

....;; )()()1()( knnkk zyzyzy -+ =¡==  

ʊʦʛʜʘ ʧʦʣʫʯʘʝʤ: .0),...,,,( )( =¡ -knzzzxF  

 

 ʊʝʧʝʨʴ ʜʦʧʫʩʪʠʤ, ʯʪʦ ʧʦʣʫʯʝʥʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 

ʧʨʦʠʥʪʝʛʨʠʨʦʚʘʥʦ ʠ ʩʦʚʦʢʫʧʥʦʩʪʴ ʝʛʦ ʨʝʰʝʥʠʡ ʚʳʨʘʞʘʝʪʩʷ ʩʦʦʪʥʦʰʝʥʠʝʤ: 

).,...,,,( 21 knCCCxz -y=  

ɼʝʣʘʷ ʦʙʨʘʪʥʫʶ ʧʦʜʩʪʘʥʦʚʢʫ, ʠʤʝʝʤ: 

),...,,,( 21

)(

kn

k CCCxy -y=  

ʀʥʪʝʛʨʠʨʫʷ ʧʦʣʫʯʝʥʥʦʝ ʩʦʦʪʥʦʰʝʥʠʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ k ʨʘʟ, ʧʦʣʫʯʘʝʤ 

ʦʢʦʥʯʘʪʝʣʴʥʳʡ ʦʪʚʝʪ: 

).,...,,,( 21 nCCCxy j=  

 

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ 
x

y
y

¡¡
=¡¡¡ . 

ʇʨʠʤʝʥʷʝʤ ʧʦʜʩʪʘʥʦʚʢʫ ;; yzyz ¡¡¡=¡¡¡=  

ñ ñ====¡ ;;;;
x

dx

z

dz

x

dx

z

dz

x

z

dx

dz

x

z
z  

;;lnlnln 11 xCzCxz =+=  

ʇʨʦʠʟʚʝʜʷ ʦʙʨʘʪʥʫʶ ʟʘʤʝʥʫ, ʧʦʣʫʯʘʝʤ: 

;
2

; 2

21
11 Cx

C
xdxCyxCy +==¡=¡¡ ñ  

;
62

32

31
2

21 CxCx
C

dxCx
C

y ++=ö
÷

õ
æ
ç

å
+=ñ  

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʠʩʭʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

;32

3 CxCCxy ++=  

 

 ʆʪʤʝʪʠʤ, ʯʪʦ ʵʪʦ ʩʦʦʪʥʦʰʝʥʠʝ ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʜʣʷ ʚʩʝʭ ʟʥʘʯʝʥʠʡ 

ʧʝʨʝʤʝʥʥʦʡ ʭ ʢʨʦʤʝ ʟʥʘʯʝʥʠʷ ʭ =0. 

 

 

ʋʨʘʚʥʝʥʠʷ, ʥʝ ʩʦʜʝʨʞʘʱʠʝ ʷʚʥʦ ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ. 

 

 ʕʪʦ ʫʨʘʚʥʝʥʠʷ ʚʠʜʘ .0),...,,( )( =¡ nyyyF  

ʇʦʨʷʜʦʢ ʪʘʢʠʭ ʫʨʘʚʥʝʥʠʡ ʤʦʞʝʪ ʙʳʪʴ ʧʦʥʠʞʝʥ ʥʘ ʝʜʠʥʠʮʫ ʩ ʧʦʤʦʱʴʶ ʟʘʤʝʥʳ 

ʧʝʨʝʤʝʥʥʳʭ .py =¡  

;p
dy

dp

dx

dy

dy

yd

dx

yd
y =Ö

¡
=
¡

=¡¡  
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;

2

2

2

2

p
dy

dp
p

dy

pd
p

dy

p
dy

dp
d

p
dy

yd

dx

dy

dy

yd

dx

yd
y öö

÷

õ
ææ
ç

å
+=

öö
÷

õ
ææ
ç

å

=
¡¡

=Ö
¡¡

=
¡¡

=¡¡¡  ʠ ʪ.ʜ. 

 

 ʇʦʜʩʪʘʚʣʷʷ ʵʪʠ ʟʥʘʯʝʥʠʷ ʚ ʠʩʭʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʧʦʣʫʯʘʝʤ: 

0,...,,,
1

1

1 =öö
÷

õ
ææ
ç

å
-

-

n

n

dy

pd

dy

dp
pyF  

 ɽʩʣʠ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʧʨʦʠʥʪʝʛʨʠʨʦʚʘʪʴ, ʠ 0),...,,,,( 121 =-nCCCpyʌ - 

ʩʦʚʦʢʫʧʥʦʩʪʴ ʝʛʦ ʨʝʰʝʥʠʡ, ʪʦ ʜʣʷ ʨʝʰʝʥʠʷ ʜʘʥʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 

ʦʩʪʘʝʪʩʷ ʨʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ: 

 

.0),...,,,,( 121 =¡
-nCCCyyʌ  

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ .04)( 2 =¡-¡-¡¡ yyyyy  

 

 ɿʘʤʝʥʘ ʧʝʨʝʤʝʥʥʦʡ: ;; p
dy

dp
yyp =¡¡¡=  

;04;042 =öö
÷

õ
ææ
ç

å
--=-- yp

dy

dp
ypypp

dy

dp
yp  

 

 1) ;4;04
y

p

dy

dp
yp

dy

dp
y +==--  

ɼʣʷ ʨʝʰʝʥʠʷ ʧʦʣʫʯʝʥʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʨʦʠʟʚʝʜʝʤ ʟʘʤʝʥʫ 

ʧʝʨʝʤʝʥʥʦʡ: .
y

p
u=  

;4;4
y

dy
duuy

dy

du
u =+=+  

;ln4;ln4ln4;4 11 yCuCyu
y

dy
du =+==ññ  

;ln4 1yCyp=  

 

 ʉ ʫʯʝʪʦʤ ʪʦʛʦ, ʯʪʦ 
dx

dy
p= , ʧʦʣʫʯʘʝʤ: 

;
ln4

;ln4
1

1 ñ ñ== dx
yCy

dy
yCy

dx

dy
 

;lnln
4

1

ln

)(ln

4

1
21

1

1
CyC

yC

yCd
x +== ñ  

 

ʆʙʱʠʡ ʠʥʪʝʛʨʘʣ ʠʤʝʝʪ ʚʠʜ: ;4lnln 1 CxyC +=  

 

 2) ;0;0 =¡= yp                ;Cy=  

 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦʣʫʯʠʣʠ ʜʚʘ ʦʙʱʠʭ ʨʝʰʝʥʠʷ. 
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ʃʠʥʝʡʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʃʠʥʝʡʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ n ï ʛʦ ʧʦʨʷʜʢʘ 
ʥʘʟʳʚʘʝʪʩʷ ʣʶʙʦʝ ʫʨʘʚʥʝʥʠʝ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʬʫʥʢʮʠʠ ʫ ʠ ʝʝ 

ʧʨʦʠʟʚʦʜʥʳʭ )(,...,, nyyy ¡¡¡  ʚʠʜʘ: 

 

);(... 1

)2(

2

)1(

1

)(

0 xfypypypypyp nn

nnn =+¡++++ -

--  

 

ʛʜʝ p0, p1, é,pn ï ʬʫʥʢʮʠʠ ʦʪ ʭ ʠʣʠ ʧʦʩʪʦʷʥʥʳʝ ʚʝʣʠʯʠʥʳ, ʧʨʠʯʝʤ p0  ̧0. 

 

 ʃʝʚʫʶ ʯʘʩʪʴ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʦʙʦʟʥʘʯʠʤ L(y). 

);(... 1

)2(

2

)1(

1

)(

0 yLypypypypyp nn

nnn =+¡++++ -

--  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ f(x) = 0, ʪʦ ʫʨʘʚʥʝʥʠʝ L(y) = 0 ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʤ 

ʦʜʥʦʨʦʜʥʳʤ ʫʨʘʚʥʝʥʠʝʤ, ʝʩʣʠ f(x)  ̧0, ʪʦ ʫʨʘʚʥʝʥʠʝ L(y) = f(x) ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʤ 

ʥʝʦʜʥʦʨʦʜʥʳʤ ʫʨʘʚʥʝʥʠʝʤ, ʝʩʣʠ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ p0, p1, p2, é pn ï ʧʦʩʪʦʷʥʥʳʝ 

ʯʠʩʣʘ, ʪʦ ʫʨʘʚʥʝʥʠʝ L(y) = f(x) ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ 

ʫʨʘʚʥʝʥʠʝʤ ʚʳʩʰʝʛʦ ʧʦʨʷʜʢʘ ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

 ʆʪʤʝʪʠʤ ʦʜʥʦ ʚʘʞʥʦʝ ʩʚʦʡʩʪʚʦ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ, ʢʦʪʦʨʦʝ 

ʦʪʣʠʯʘʝʪ ʠʭ ʦʪ ʥʝʣʠʥʝʡʥʳʭ. ɼʣʷ ʥʝʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʯʘʩʪʥʳʡ ʠʥʪʝʛʨʘʣ ʥʘʭʦʜʠʪʩʷ 

ʠʟ ʦʙʱʝʛʦ, ʘ ʜʣʷ ʣʠʥʝʡʥʳʭ ï ʥʘʦʙʦʨʦʪ, ʦʙʱʠʡ ʠʥʪʝʛʨʘʣ ʩʦʩʪʘʚʣʷʝʪʩʷ ʠʟ ʯʘʩʪʥʳʭ. 

ʃʠʥʝʡʥʳʝ ʫʨʘʚʥʝʥʠʷ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʥʘʠʙʦʣʝʝ ʠʟʫʯʝʥʥʳʡ ʢʣʘʩʩ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. ʕʪʦ ʦʙʲʷʩʥʷʝʪʩʷ ʩʨʘʚʥʠʪʝʣʴʥʦʡ 

ʧʨʦʩʪʦʪʦʡ ʥʘʭʦʞʜʝʥʠʷ ʨʝʰʝʥʠʷ. ɽʩʣʠ ʧʨʠ ʨʝʰʝʥʠʠ ʢʘʢʠʭ ï ʣʠʙʦ ʧʨʘʢʪʠʯʝʩʢʠʭ ʟʘʜʘʯ 

ʪʨʝʙʫʝʪʩʷ ʨʝʰʠʪʴ ʥʝʣʠʥʝʡʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʪʦ ʯʘʩʪʦ ʧʨʠʤʝʥʷʶʪʩʷ 

ʧʨʠʙʣʠʞʝʥʥʳʝ ʤʝʪʦʜʳ, ʧʦʟʚʦʣʷʶʱʠʝ ʟʘʤʝʥʠʪʴ ʪʘʢʦʝ ʫʨʘʚʥʝʥʠʝ ñʙʣʠʟʢʠʤò ʢ ʥʝʤʫ 

ʣʠʥʝʡʥʳʤ. 

 ʈʘʩʩʤʦʪʨʠʤ ʩʧʦʩʦʙʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʥʝʢʦʪʦʨʳʭ ʪʠʧʦʚ ʣʠʥʝʡʥʳʭ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. 

 

 

ʃʠʥʝʡʥʳʝ ʦʜʥʦʨʦʜʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʩ 

ʧʨʦʠʟʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

 ʈʘʩʩʤʦʪʨʠʤ ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ 0... 1

)2(

2

)1(

1

)(

0 =+¡++++ -

-- ypypypypyp nn

nnn  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɺʳʨʘʞʝʥʠʝ )(... 1

)2(

2

)1(

1

)(

0 yLypypypypyp nn

nnn =+¡++++ -

--  

ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʦʧʝʨʘʪʦʨʦʤ. 

 ʃʠʥʝʡʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʦʧʝʨʘʪʦʨ ʦʙʣʘʜʘʝʪ ʩʣʝʜʫʶʱʠʤʠ ʩʚʦʡʩʪʚʘʤʠ: 

 

 1) );()( yCLCyL =  

 2) );()()( 2121 yLyLyyL +=+  

 

ʈʝʰʝʥʠʷ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʦʙʣʘʜʘʶʪ ʩʣʝʜʫʶʱʠʤʠ ʩʚʦʡʩʪʚʘʤʠ: 

 

 1) ɽʩʣʠ ʬʫʥʢʮʠʷ ʫ1 ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʫʨʘʚʥʝʥʠʷ, ʪʦ ʬʫʥʢʮʠʷ ʉʫ1, ʛʜʝ ʉ ï 

ʧʦʩʪʦʷʥʥʦʝ ʯʠʩʣʦ, ʪʘʢʞʝ ʷʚʣʷʝʪʩʷ ʝʛʦ ʨʝʰʝʥʠʝʤ. 

 2) ɽʩʣʠ ʬʫʥʢʮʠʠ ʫ1 ʠ ʫ2 ʷʚʣʷʶʪʩʷ ʨʝʰʝʥʠʷʤʠ ʫʨʘʚʥʝʥʠʷ, ʪʦ ʫ1 +ʫ2 ʪʘʢʞʝ 

ʷʚʣʷʝʪʩʷ ʝʛʦ ʨʝʰʝʥʠʝʤ. 
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ʉʪʨʫʢʪʫʨʘ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʜʘʤʝʥʪʘʣʴʥʦʡ ʩʠʩʪʝʤʦʡ ʨʝʰʝʥʠʡ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ n ïʛʦ ʧʦʨʷʜʢʘ ʥʘ ʠʥʪʝʨʚʘʣʝ (a, b) ʥʘʟʳʚʘʝʪʩʷ ʚʩʷʢʘʷ 

ʩʠʩʪʝʤʘ n ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳʭ ʥʘ ʵʪʦʤ ʠʥʪʝʨʚʘʣʝ ʨʝʰʝʥʠʡ ʫʨʘʚʥʝʥʠʷ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ ʠʟ ʬʫʥʢʮʠʡ yi ʩʦʩʪʘʚʠʪʴ ʦʧʨʝʜʝʣʠʪʝʣʴ n ï ʛʦ ʧʦʨʷʜʢʘ 

)1()1(

2

)1(

1
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¡¡¡
=
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nn

n

n

yyy

yyy
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W , 

ʪʦ ʵʪʦʪ ʦʧʨʝʜʝʣʠʪʝʣʴ ʥʘʟʳʚʘʝʪʩʷ ʦʧʨʝʜʝʣʠʪʝʣʝʤ ɺʨʦʥʩʢʦʛʦ. 

( ʖʟʝʬ ɺʨʦʥʴʩʢʠʡ (1776 ï 1853) ï ʧʦʣʴʩʢʠʡ ʤʘʪʝʤʘʪʠʢ ʠ ʬʠʣʦʩʦʬ - ʤʠʩʪʠʢ) 

 

 ʊʝʦʨʝʤʘ. ɽʩʣʠ ʬʫʥʢʮʠʠ nyyy ,...,, 21  ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʳ, ʪʦ ʩʦʩʪʘʚʣʝʥʥʳʡ ʜʣʷ ʥʠʭ 

ʦʧʨʝʜʝʣʠʪʝʣʴ ɺʨʦʥʩʢʦʛʦ ʨʘʚʝʥ ʥʫʣʶ. 

 

 ʊʝʦʨʝʤʘ. ɽʩʣʠ ʬʫʥʢʮʠʠ nyyy ,...,, 21 ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳ, ʪʦ ʩʦʩʪʘʚʣʝʥʥʳʡ ʜʣʷ 

ʥʠʭ ʦʧʨʝʜʝʣʠʪʝʣʴ ɺʨʦʥʩʢʦʛʦ ʥʝ ʨʘʚʝʥ ʥʫʣʶ ʥʠ ʚ ʦʜʥʦʡ ʪʦʯʢʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ 

ʠʥʪʝʨʚʘʣʘ. 

 

 ʊʝʦʨʝʤʘ. ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʩʠʩʪʝʤʘ ʨʝʰʝʥʠʡ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ nyyy ,...,, 21  ʙʳʣʘ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ ʥʝʦʙʭʦʜʠʤʦ ʠ 

ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʩʦʩʪʘʚʣʝʥʥʳʡ ʜʣʷ ʥʠʭ ʦʧʨʝʜʝʣʠʪʝʣʴ ɺʨʦʥʩʢʦʛʦ ʙʳʣ ʥʝ ʨʘʚʝʥ ʥʫʣʶ. 

 

 ʊʝʦʨʝʤʘ. ɽʩʣʠ nyyy ,...,, 21  - ʬʫʥʜʘʤʝʥʪʘʣʴʥʘʷ ʩʠʩʪʝʤʘ ʨʝʰʝʥʠʡ ʥʘ ʠʥʪʝʨʚʘʣʝ 

(a, b), ʪʦ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 

ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʵʪʠʭ ʨʝʰʝʥʠʡ. 

nn yCyCyCy +++= ...2211 , 

ʛʜʝ Ci ïʧʦʩʪʦʷʥʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ. 

 

 ʇʨʠʤʝʥʝʥʠʝ ʧʨʠʚʝʜʝʥʥʳʭ ʚʳʰʝ ʩʚʦʡʩʪʚ ʠ ʪʝʦʨʝʤ ʨʘʩʩʤʦʪʨʠʤ ʥʘ ʧʨʠʤʝʨʝ 

ʣʠʥʝʡʥʳʭ ʦʜʥʦʨʦʜʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ. 

 

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ. 

 

 ʀʟ ʚʳʰʝʠʟʣʦʞʝʥʥʦʛʦ ʚʠʜʥʦ, ʯʪʦ ʦʪʳʩʢʘʥʠʝ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʣʠʥʝʡʥʦʛʦ 

ʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩʚʦʜʠʪʩʷ ʢ ʥʘʭʦʞʜʝʥʠʶ ʝʛʦ 

ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ ʩʠʩʪʝʤʳ ʨʝʰʝʥʠʡ. 

 ʆʜʥʘʢʦ, ʜʘʞʝ ʜʣʷ ʫʨʘʚʥʝʥʠʷ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ, ʝʩʣʠ ʢʦʵʬʬʠʮʠʝʥʪʳ ʨ ʟʘʚʠʩʷʪ ʦʪ 

ʭ, ʵʪʘ ʟʘʜʘʯʘ ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʨʝʰʝʥʘ ʚ ʦʙʱʝʤ ʚʠʜʝ. 

 ʊʝʤ ʥʝ ʤʝʥʝʝ, ʝʩʣʠ ʠʟʚʝʩʪʥʦ ʦʜʥʦ ʥʝʥʫʣʝʚʦʝ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ, ʪʦ ʟʘʜʘʯʘ ʤʦʞʝʪ 

ʙʳʪʴ ʨʝʰʝʥʘ. 

 

 ʊʝʦʨʝʤʘ. ɽʩʣʠ ʟʘʜʘʥʦ ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ 0)()( 21 =+¡+¡¡ yxpyxpy  ʠ ʠʟʚʝʩʪʥʦ ʦʜʥʦ 

ʥʝʥʫʣʝʚʦʝ ʨʝʰʝʥʠʝ ʫ = ʫ1, ʪʦ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥʦ ʧʦ ʬʦʨʤʫʣʝ: 
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 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʧʦʣʫʯʝʥʠʷ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʥʘʜʦ ʧʦʜʦʙʨʘʪʴ ʢʘʢʦʝ ï ʣʠʙʦ 

ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʭʦʪʷ ʵʪʦ ʙʳʚʘʝʪ ʯʘʩʪʦ ʜʦʚʦʣʴʥʦ 

ʩʣʦʞʥʦ. 

 

 

ʃʠʥʝʡʥʳʝ ʦʜʥʦʨʦʜʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʩ 

ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

 ʈʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚʠʜʘ 0...)1(

1

)( =+++ - yayay n

nn  ʠʣʠ, 

ʢʦʨʦʯʝ, 0)( =yL  ʙʫʜʝʤ ʠʩʢʘʪʴ ʚ ʚʠʜʝ kxey= , ʛʜʝ k = const. 

 ʊ.ʢ. ,...;; )(2 kxnnkxkx ekyekykey ==¡¡=¡  ʪʦ  

)....()( 1

1 n

nnkxkx akakeeL +++= -  

 

 ʇʨʠ ʵʪʦʤ ʤʥʦʛʦʯʣʝʥ n

nn akakkF +++= - ...)( 1

1  ʥʘʟʳʚʘʝʪʩʷ 

ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʠʤ ʤʥʦʛʦʯʣʝʥʦʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʬʫʥʢʮʠʷ kxey=  ʷʚʣʷʣʘʩʴ ʨʝʰʝʥʠʝʤ ʠʩʭʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ 

;0)( =kxeL  ʪ.ʝ. .0)( =kFekx  

 ʊ.ʢ. e
kx

  ̧ 0, ʪʦ 0)( =kF  - ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʠʤ 

ʫʨʘʚʥʝʥʠʝʤ. 

 

 ʂʘʢ ʠ ʣʶʙʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ ʩʪʝʧʝʥʠ n, ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ 

ʫʨʘʚʥʝʥʠʝ 0...1

1 =+++ -

n

nn akak  ʠʤʝʝʪ n ʢʦʨʥʝʡ. ʂʘʞʜʦʤʫ ʢʦʨʥʶ 

ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ki ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ. 

 

 ɺ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʢʦʵʬʬʠʮʠʝʥʪʦʚ k ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ ʤʦʞʝʪ ʠʤʝʪʴ 

ʣʠʙʦ n ʨʘʟʣʠʯʥʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʢʦʨʥʝʡ, ʣʠʙʦ ʩʨʝʜʠ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʢʦʨʥʝʡ ʤʦʛʫʪ 

ʙʳʪʴ ʢʨʘʪʥʳʝ ʢʦʨʥʠ, ʤʦʛʫʪ ʙʳʪʴ ʢʦʤʧʣʝʢʩʥʦ ï ʩʦʧʨʷʞʝʥʥʳʝ ʢʦʨʥʠ, ʢʘʢ ʨʘʟʣʠʯʥʳʝ, ʪʘʢ 

ʠ ʢʨʘʪʥʳʝ. 

 ʅʝ ʙʫʜʝʤ ʧʦʜʨʦʙʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʞʜʳʡ ʩʣʫʯʘʡ, ʘ ʩʬʦʨʤʫʣʠʨʫʝʤ ʦʙʱʝʝ 

ʧʨʘʚʠʣʦ ʥʘʭʦʞʜʝʥʠʷ ʨʝʰʝʥʠʷ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩ 

ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

 1) ʉʦʩʪʘʚʣʷʝʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ ʠ ʥʘʭʦʜʠʤ ʝʛʦ ʢʦʨʥʠ. 

 2) ʅʘʭʦʜʠʤ ʯʘʩʪʥʳʝ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʧʨʠʯʝʤ: 

  a) ʢʘʞʜʦʤʫ ʜʝʡʩʪʚʠʪʝʣʴʥʦʤʫ ʢʦʨʥʶ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʨʝʰʝʥʠʝ e
kx

; 

ʙ) ʢʘʞʜʦʤʫ ʜʝʡʩʪʚʠʪʝʣʴʥʦʤʫ ʢʦʨʥʶ ʢʨʘʪʥʦʩʪʠ m ʩʪʘʚʠʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ 

m ʨʝʰʝʥʠʡ: 

                                           ....;; 1 kxmkxkx exxee -  

ʚ) ʢʘʞʜʦʡ ʧʘʨʝ ʢʦʤʧʣʝʢʩʥʦ ï ʩʦʧʨʷʞʝʥʥʳʭ ʢʦʨʥʝʡ b°a i  

ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʝ ʩʪʘʚʠʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʜʚʘ ʨʝʰʝʥʠʷ: 

                                           xe x ba cos   ʠ  xe x ba sin . 

ʛ) ʢʘʞʜʦʡ ʧʘʨʝ m ï ʢʨʘʪʥʳʭ ʢʦʤʧʣʝʢʩʥʦ ï ʩʦʧʨʷʞʝʥʥʳʭ ʢʦʨʥʝʡ b°a i  

ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩʪʘʚʠʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ 2m ʨʝʰʝʥʠʡ: 
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.sin...,sin,sin

,cos...,cos,cos

1

1

xexxxexe

xexxxexe

xmxx

xmxx

bbb

bbb

a-aa

a-aa

 

 3) ʉʦʩʪʘʚʣʷʝʤ ʣʠʥʝʡʥʫʶ ʢʦʤʙʠʥʘʮʠʶ ʥʘʡʜʝʥʥʳʭ ʨʝʰʝʥʠʡ. 

 

ʕʪʘ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ ʠ ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʦʙʱʠʤ ʨʝʰʝʥʠʝʤ ʠʩʭʦʜʥʦʛʦ ʣʠʥʝʡʥʦʛʦ 

ʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ 0=-¡¡¡ yy . 

 

ʉʦʩʪʘʚʠʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: ;013 =-k  

;01;1;0)1)(1( 2

1

2 =++==++- kkkkkk  

;
2

3

2

1
;

2

3

2

1
;341 32 ikikD --=+-=-=-=  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: .
2

3
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2

3
cos 32

2
1 ù

ú

ø
é
ê

è
++=

-

xCxCeeCy

x

x  

 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .022)1( 2 =+¡-¡¡- yyxyx  

 

ʕʪʦ ʣʠʥʝʡʥʦʝ ʦʜʥʦʨʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʩ ʧʝʨʝʤʝʥʥʳʤʠ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ. ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʥʝʦʙʭʦʜʠʤʦ 

ʦʪʳʩʢʘʪʴ ʢʘʢʦʝ - ʣʠʙʦ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ. 

 ʊʘʢʠʤ ʯʘʩʪʥʳʤ ʨʝʰʝʥʠʝʤ ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʬʫʥʢʮʠʷ .1 xy =  

;0220;0;1 11 =+-=¡¡=¡ xxyy  

 

ʀʩʭʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʤʦʞʥʦ ʧʨʝʦʙʨʘʟʦʚʘʪʴ: 

.0
1

2

1

2
22
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-
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-¡¡

x

y
y

x

x
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ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: ;
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= ñ -  
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ʆʢʦʥʯʘʪʝʣʴʥʦ: ;
1

1
ln 432 C

x

x
xCxCy +

-

+
+=  
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 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .0=-yyIV  

 

ʉʦʩʪʘʚʠʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: .014 =-k  

.;;1;1;0)1)(1( 4321

22 ikikkkkk -==-===+-  

 

 ʆʙʱʝʝ ʨʝʰʝʥʠʝ: .sincos 4321 xCxCeCeCy xx +++= -  

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .044 =+¡-¡¡ yyy  

 

ʍʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: .2;044 21

2 ===+- kkkk  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: .2

2

2

1

xx xeCeCy +=  

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .052 =+¡+¡¡ yyy  

 

ʍʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: ;21;16;052 1

2 ikDkk +-=-==++  

            .212 ik --=  

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: ).2sin2cos( 21 xCxCey x += -  

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .067 =¡+¡¡-¡¡¡ yyy  

 

ʍʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: ;0)67(;067 223 =+-=+- kkkkkk  

;6;1;0 321 === kkk  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: ;6

321

xx eCeCCy ++=  

  

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .02 =-¡-¡¡ yyy  

 

ʍʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: ;2;1;02 21

2 =-==-- kkkk  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: .2

21

xx eCeCy += -  

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .09 =¡¡¡- yyV  

 

ʍʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: ;0)9(;09 2335 =-=- kkkk  

;3;3;0 54321 -===== kkkkk  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: ;3

5

3

4

2

321

xx eCeCxCxCCy -++++=  

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .02 =¡-¡¡ yyy  
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ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʥʝ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʳʤ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʠʚʝʜʝʥʥʳʡ ʚʳʰʝ ʤʝʪʦʜ 

ʨʝʰʝʥʠʷ ʢ ʥʝʤʫ ʥʝ ʧʨʠʤʝʥʠʤ. 

 ʇʦʥʠʟʠʤ ʧʦʨʷʜʦʢ ʫʨʘʚʥʝʥʠʷ ʩ ʧʦʤʦʱʴʶ ʧʦʜʩʪʘʥʦʚʢʠ .py =¡  

ʊʦʛʜʘ .p
dy

dp
y

dy

dp
y =¡=¡¡  

;;0;0 111

2 Cyppp
dy

dp
y ===-  

;lnlnln;;; Cyp
y

dy

p

dp

y

dy

p

dp
p

dy

ydp
+==== ñ ñ  

ñ ñ===¡= ;;;; dx
ʉy

dy
dx

ʉy

dy
CyyCyp  

;;lnln
1

3

ln

2
2 CxCCCx eCeeCyCxCy

C
==+=  

 

ʆʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʘʝʤ: ;1

CxeCy=  

 

ʕʪʦ ʚʳʨʘʞʝʥʠʝ ʙʫʜʝʪ ʦʙʱʠʤ ʨʝʰʝʥʠʝʤ ʠʩʭʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

ʇʦʣʫʯʝʥʥʦʝ ʚʳʰʝ ʨʝʰʝʥʠʝ ʫ1 = ʉ1 ʧʦʣʫʯʘʝʪʩʷ ʠʟ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʧʨʠ ʉ = 0. 

 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .03 2 =¡+¡¡ yyy  

 

ʇʨʦʠʟʚʦʜʠʤ ʟʘʤʝʥʫ ʧʝʨʝʤʝʥʥʦʡ: ;;
dy

dp
py

dy

dp
ypy =¡=¡¡=¡  

;;0;03 11

2 Cypp
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yp ===+  
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3
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;;;lnln
3

1
ln 3

1

1

3
-
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C
pCyp  
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3
;; 21

3
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1
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CxCydxCdyydxCdyy +=== ññ  
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CxCy +=  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ: .)( 4

3

43 CxCy +=  
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ʃʠʥʝʡʥʳʝ ʥʝʦʜʥʦʨʦʜʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ 

ʩ ʧʨʦʠʟʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

ʈʘʩʩʤʦʪʨʠʤ ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ ).()(...)( )1(

1

)( xfyxpyxpy n

nn =+++ -  

ʉ ʫʯʝʪʦʤ ʦʙʦʟʥʘʯʝʥʠʷ  )()(...)( )1(

1

)( xLyxpyxpy n

nn =+++ -  ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ: 

).()( xfxL =  

ʇʨʠ ʵʪʦʤ ʙʫʜʝʤ ʧʦʣʘʛʘʪʴ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ʠ ʧʨʘʚʘʷ ʯʘʩʪʴ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ 

ʥʝʧʨʝʨʳʚʥʳ ʥʘ ʥʝʢʦʪʦʨʦʤ ʠʥʪʝʨʚʘʣʝ ( ʢʦʥʝʯʥʦʤ ʠʣʠ ʙʝʩʢʦʥʝʯʥʦʤ). 

 

 ʊʝʦʨʝʤʘ. ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʣʠʥʝʡʥʦʛʦ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ )()(...)( )1(

1

)( xfyxpyxpy n

nn =+++ - ʚ ʥʝʢʦʪʦʨʦʡ ʦʙʣʘʩʪʠ ʝʩʪʴ ʩʫʤʤʘ 

ʣʶʙʦʛʦ ʝʛʦ ʨʝʰʝʥʠʷ ʠ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 

 ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ.  ʇʫʩʪʴ Y ï ʥʝʢʦʪʦʨʦʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

ʊʦʛʜʘ ʧʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʵʪʦʛʦ ʨʝʰʝʥʠʷ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʦʣʫʯʘʝʤ ʪʦʞʜʝʩʪʚʦ: 

).()( xfYL ¹  

 

 ʇʫʩʪʴ nyyy ,...,, 21  - ʬʫʥʜʘʤʝʥʪʘʣʴʥʘʷ ʩʠʩʪʝʤʘ ʨʝʰʝʥʠʡ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ 0)( =yL . ʊʦʛʜʘ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ 

ʚʠʜʝ: 

.;...2211 constCyCyCyCy inn =+++=  

 

 ɼʘʣʝʝ ʧʦʢʘʞʝʤ, ʯʪʦ ʩʫʤʤʘ nn yCyCyCY ++++ ...2211 ʷʚʣʷʝʪʩʷ ʦʙʱʠʤ ʨʝʰʝʥʠʝʤ 

ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

)()()(...)()()()...( 22112211 xfYLyCLyCLyCLYLyCyCyCYL nnnn ==++++=++++  

 

 ɺʦʦʙʱʝ ʛʦʚʦʨʷ, ʨʝʰʝʥʠʝ Y ʤʦʞʝʪ ʙʳʪʴ ʧʦʣʫʯʝʥʦ ʠʟ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ, ʪ.ʢ. 

ʷʚʣʷʝʪʩʷ ʯʘʩʪʥʳʤ ʨʝʰʝʥʠʝʤ. 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʜʦʢʘʟʘʥʥʦʡ ʪʝʦʨʝʤʦʡ, ʜʣʷ ʨʝʰʝʥʠʷ ʣʠʥʝʡʥʦʛʦ 

ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʥʝʦʙʭʦʜʠʤʦ ʥʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠ ʢʘʢʠʤ- ʪʦ ʦʙʨʘʟʦʤ ʦʪʳʩʢʘʪʴ ʦʜʥʦ ʯʘʩʪʥʦʝ 

ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. ʆʙʳʯʥʦ ʦʥʦ ʥʘʭʦʜʠʪʩʷ ʧʦʜʙʦʨʦʤ. 

 

 ʅʘ ʧʨʘʢʪʠʢʝ ʫʜʦʙʥʦ ʧʨʠʤʝʥʷʪʴ ʤʝʪʦʜ ʚʘʨʠʘʮʠʠ ʧʨʦʠʟʚʦʣʴʥʳʭ ʧʦʩʪʦʷʥʥʳʭ. 

ɼʣʷ ʵʪʦʛʦ ʩʥʘʯʘʣʘ ʥʘʭʦʜʷʪ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚ 

ʚʠʜʝ:  

;...
1

2211 ä
=

=+++=
n

i

iinn yCyCyCyCy  

ɿʘʪʝʤ, ʧʦʣʘʛʘʷ ʢʦʵʬʬʠʮʠʝʥʪʳ Ci ʬʫʥʢʮʠʷʤʠ ʦʪ ʭ, ʠʱʝʪʩʷ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ: 

;)(
1

ä
=

=
n

i

ii yxCy  

 ʄʦʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʬʫʥʢʮʠʡ Ci(x) ʥʘʜʦ ʨʝʰʠʪʴ ʩʠʩʪʝʤʫ 

ʫʨʘʚʥʝʥʠʡ: 



49 

î
î
î
î

í

î
î
î
î

ì

ë

=¡

=¡¡

=¡

ä

ä

ä

=

-

=

=

)()(

..........................

0)(

0)(

1

)1(

1

1

xfyxC

yxC

yxC

n

i

n

ii

n

i

ii

n

i

ii

 

 

 

ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .2sin xxyy -=+¡¡  

ʈʝʰʘʝʤ ʣʠʥʝʡʥʦʝ ʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ .0=+¡¡ yy  

.;;01 21

2 ikikk -===+  

;1;0);sincos( =b=ab+b= a xBxAey x  

;sincos xBxAy +=  

ʈʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

;sin)(cos)( xxBxxAy +=  

ʉʦʩʪʘʚʣʷʝʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ: 

í
ì
ë

-=¡+¡-

=¡+¡

xxxxBxxA

xxBxxA

2sincos)(sin)(

0sin)(cos)(
 

ʈʝʰʠʤ ʵʪʫ ʩʠʩʪʝʤʫ:  

î
í

î
ì

ë

-=¡

-=
¡-

î
î
í

îî
ì

ë

-=¡-¡-

¡-=¡

)2sin(cos)(

2sin
sin
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2sin
sin

cos
)(sin)(
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xx
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x
xAxxA
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x
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ʀʟ ʩʦʦʪʥʦʰʝʥʠʷ xxxxxA sincossin2)( 2 -=¡  ʥʘʡʜʝʤ ʬʫʥʢʮʠʶ ɸ(ʭ). 

( ) =-=-=-= ññññ xdxxxdxxxxdxxdxxxxxxA sinsin
3

2
sincossin2sincossin2)( 322  

.sincossin
3

2
coscossin

3

2

cos;

;sin;
1

33 Cxxxxxdxxxx
xvdxdu

xdxdvxu
+-+=-+=

ý
ü
û

í
ì
ë

-==

==
= ñ  

 

ʊʝʧʝʨʴ ʥʘʭʦʜʠʤ ɺ(ʭ). 

=+-=
ý
ü
û

í
ì
ë

==

==
=-= ññ ñ xxdxxx

xvdxdu

xdxdvxu
xdxxxdxxxB 32 cos

3

2
sinsin

;sin;

;cos;
sincos2cos)(

.cossincos
3

2
2

3 Cxxxx +++=  

ʇʦʜʩʪʘʚʣʷʝʤ ʧʦʣʫʯʝʥʥʳʝ ʟʥʘʯʝʥʠʷ ʚ ʬʦʨʤʫʣʫ ʦʙʱʝʛʦ ʨʝʰʝʥʠʷ ʥʝʦʜʥʦʨʦʜʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ: 

.sincos)cos(sin)cos(sincossin
3

2

sincossinsincossin
3

2
coscossincoscossin

3

2

21

2222

2

23

1

23

xCxCxxxxxxx

xCxxxxxxxCxxxxxxy

+++++=

=+++++-+=

 

ʆʢʦʥʯʘʪʝʣʴʥʳʡ ʦʪʚʝʪ: ;sincos2sin
3

1
21 xCxCxxy +++=  
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʫʜʘʣʦʩʴ ʠʟʙʝʞʘʪʴ ʥʘʭʦʞʜʝʥʠʷ ʯʘʩʪʥʦʛʦ ʨʝʰʝʥʠʷ ʥʝʦʜʥʦʨʦʜʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʤʝʪʦʜʦʤ ʧʦʜʙʦʨʘ. 

ɺʦʦʙʱʝ ʛʦʚʦʨʷ, ʤʝʪʦʜ ʚʘʨʠʘʮʠʠ ʧʨʦʠʟʚʦʣʴʥʳʭ ʧʦʩʪʦʷʥʥʳʭ ʧʨʠʛʦʜʝʥ ʜʣʷ 

ʥʘʭʦʞʜʝʥʠʷ ʨʝʰʝʥʠʡ ʣʶʙʦʛʦ ʣʠʥʝʡʥʦʛʦ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. ʅʦ ʪ.ʢ. ʥʘʭʦʞʜʝʥʠʝ 

ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ ʩʠʩʪʝʤʳ ʨʝʰʝʥʠʡ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʤʦʞʝʪ 

ʙʳʪʴ ʜʦʩʪʘʪʦʯʥʦ ʩʣʦʞʥʦʡ ʟʘʜʘʯʝʡ, ʵʪʦʪ ʤʝʪʦʜ ʚ ʦʩʥʦʚʥʦʤ ʧʨʠʤʝʥʷʝʪʩʷ ʜʣʷ 

ʥʝʦʜʥʦʨʦʜʥʳʭ ʫʨʘʚʥʝʥʠʡ ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

 

ʃʠʥʝʡʥʳʝ ʥʝʦʜʥʦʨʦʜʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʩ ʧʦʩʪʦʷʥʥʳʤʠ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

ʋʨʘʚʥʝʥʠʷ ʩ ʧʨʘʚʦʡ ʯʘʩʪʴʶ ʩʧʝʮʠʘʣʴʥʦʛʦ ʚʠʜʘ. 

 

ʇʨʝʜʩʪʘʚʣʷʝʪʩʷ ʚʦʟʤʦʞʥʳʤ ʧʨʝʜʩʪʘʚʠʪʴ ʚʠʜ ʯʘʩʪʥʦʛʦ ʨʝʰʝʥʠʷ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ 

ʚʠʜʘ ʧʨʘʚʦʡ ʯʘʩʪʠ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 ʈʘʟʣʠʯʘʶʪ ʩʣʝʜʫʶʱʠʝ ʩʣʫʯʘʠ: 

 

I .  ʇʨʘʚʘʷ ʯʘʩʪʴ ʣʠʥʝʡʥʦʛʦ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʤʝʝʪ ʚʠʜ: 

 

,)()( xexPxf a=  

ʛʜʝ m

mm AxAxAxP +++= - ...)( 1

10 - ʤʥʦʛʦʯʣʝʥ ʩʪʝʧʝʥʠ m. 

 ʊʦʛʜʘ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʠʱʝʪʩʷ ʚ ʚʠʜʝ: 

 

)(xQexy xr a=  

ɿʜʝʩʴ Q(x)- ʤʥʦʛʦʯʣʝʥ ʪʦʡ ʞʝ ʩʪʝʧʝʥʠ, ʯʪʦ ʠ P(x), ʥʦ ʩ ʥʝʦʧʨʝʜʝʣʝʥʥʳʤʠ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʘ r ï ʯʠʩʣʦ, ʧʦʢʘʟʳʚʘʶʱʝʝ ʩʢʦʣʴʢʦ ʨʘʟ ʯʠʩʣʦ a ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ 

ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʣʠʥʝʡʥʦʛʦ ʦʜʥʦʨʦʜʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ xyy =¡-¡¡¡ 4 . 

ʈʝʰʠʤ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: .04 =¡-¡¡¡ yy  

;2;2;0;0)4(;04 321

23 -====-=- kkkkkkk  

;2

3

2

21

xx eCeCCy -++=  

ʊʝʧʝʨʴ ʥʘʡʜʝʤ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʠʩʭʦʜʥʦʛʦ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

ʉʦʧʦʩʪʘʚʠʤ ʧʨʘʚʫʶ ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ ʩ ʚʠʜʦʤ ʧʨʘʚʦʡ ʯʘʩʪʠ, ʨʘʩʩʤʦʪʨʝʥʥʳʤ ʚʳʰʝ. 

.0;)( =a=xxP  

ʏʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʠʱʝʤ ʚ ʚʠʜʝ: )(xQexy xr a= , ʛʜʝ .)(;0;1 BAxxQr +==a=  

ʊ.ʝ. .2 BxAxy +=   

ʊʝʧʝʨʴ ʦʧʨʝʜʝʣʠʤ ʥʝʠʟʚʝʩʪʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ɸ ʠ ɺ. 

 ʇʦʜʩʪʘʚʠʤ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʚ ʦʙʱʝʤ ʚʠʜʝ ʚ ʠʩʭʦʜʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ. 

;0;2;2 =¡¡¡=¡¡+=¡ yAyBAxy  

;0;
8

1
;18;480 =-==-=-- BAAxBAx  

 ʀʪʦʛʦ, ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ: .
8

2x
y -=  
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ʊʦʛʜʘ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʣʠʥʝʡʥʦʛʦ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

.
8

2

3

2

21

2
xx eCeCC

x
y -+++-=  

 

 

  

II .  ʇʨʘʚʘʷ ʯʘʩʪʴ ʣʠʥʝʡʥʦʛʦ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʤʝʝʪ ʚʠʜ: 

 

[ ]xxPxxPexf x b+b= a sin)(cos)()( 21  

 

ɿʜʝʩʴ ʈ1(ʭ) ʠ ʈ2(ʭ) ï ʤʥʦʛʦʯʣʝʥʳ ʩʪʝʧʝʥʠ m1 ʠ m2 ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. 

ʊʦʛʜʘ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

 

[ ]xxQxxQexy xr b+b= a sin)(cos)( 21  

 

ʛʜʝ ʯʠʩʣʦ r ʧʦʢʘʟʳʚʘʝʪ ʩʢʦʣʴʢʦ ʨʘʟ ʯʠʩʣʦ b+a i  ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʘ Q1(x) ʠ Q2(x) ï ʤʥʦʛʦʯʣʝʥʳ 

ʩʪʝʧʝʥʠ ʥʝ ʚʳʰʝ m, ʛʜʝ m- ʙʦʣʴʰʘʷ ʠʟ ʩʪʝʧʝʥʝʡ m1 ʠ m2. 

 

ɿʘʤʝʪʠʤ, ʯʪʦ ʝʩʣʠ ʧʨʘʚʘʷ ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ ʷʚʣʷʝʪʩʷ ʢʦʤʙʠʥʘʮʠʝʡ ʚʳʨʘʞʝʥʠʡ 

ʨʘʩʩʤʦʪʨʝʥʥʦʛʦ ʚʳʰʝ ʚʠʜʘ, ʪʦ ʨʝʰʝʥʠʝ ʥʘʭʦʜʠʪʩʷ ʢʘʢ ʢʦʤʙʠʥʘʮʠʷ ʨʝʰʝʥʠʡ 

ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʢʘʞʜʦʝ ʠʟ ʢʦʪʦʨʳʭ ʠʤʝʝʪ ʧʨʘʚʫʶ ʯʘʩʪʴ, 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ ʚʳʨʘʞʝʥʠʶ, ʚʭʦʜʷʱʝʤʫ ʚ ʢʦʤʙʠʥʘʮʠʶ.  

 ʊ.ʝ. ʝʩʣʠ ʫʨʘʚʥʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: )()()( 21 xfxfyL += , ʪʦ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʵʪʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ ,21 yyy += ʛʜʝ  ʫ1 ʠ ʫ2 ï ʯʘʩʪʥʳʝ ʨʝʰʝʥʠʷ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ 

)()( 1 xfyL =  ʠ )()( 2 xfyL =  

 

 ɼʣʷ ʠʣʣʶʩʪʨʘʮʠʠ ʨʝʰʠʤ ʨʘʩʩʤʦʪʨʝʥʥʳʡ ʚʳʰʝ ʧʨʠʤʝʨ ʜʨʫʛʠʤ ʩʧʦʩʦʙʦʤ. 

 

ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ .2sin xxyy -=+¡¡  

 

ʇʨʘʚʫʶ ʯʘʩʪʴ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʨʝʜʩʪʘʚʠʤ ʚ ʚʠʜʝ ʩʫʤʤʳ ʜʚʫʭ 

ʬʫʥʢʮʠʡ f1(x) + f2(x) = x + (-sinx). 

ʉʦʩʪʘʚʠʤ ʠ ʨʝʰʠʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: ;;01 2,1

2 ikk °==+  

 

1. ɼʣʷ ʬʫʥʢʮʠʠ f1(x) ʨʝʰʝʥʠʝ ʠʱʝʤ ʚ ʚʠʜʝ )(1 xQexy xr a= .  

ʇʦʣʫʯʘʝʤ: ;)(,0,0 BAxxQr +===a  ʊ.ʝ.    ;1 BAxy +=  

;0;1;

;0; 11

===+

=
±

=
¡

BAxBAx

yAy
 

 

ʀʪʦʛʦ: ;1 xy =  

 

 

2. ɼʣʷ ʬʫʥʢʮʠʠ f2(x) ʨʝʰʝʥʠʝ ʠʱʝʤ ʚ ʚʠʜʝ: )sin)(cos)(( 212 xxQxxQexy xr b+b= a . 

ɸʥʘʣʠʟʠʨʫʷ ʬʫʥʢʮʠʶ f2(x), ʧʦʣʫʯʘʝʤ: ;0;2;0;1)(;0)( 21 ==b=a-== rxPxP  

 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ;2sin2cos2 xDxCy +=  
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;2sin2sin2cos2sin42cos4

;2sin4cos24

;2cos22sin2

2

2

xxDxCxDxC

xDxCy

xDxCy

-=++--

--=
±

+-=
¡

 

 

xxDxC 2sin2sin32cos3 -=--  

 

;
3

1
;0 == BA  

 

ʀʪʦʛʦ: ;2sin
3

1
2 xy =  

 

 ʊ.ʝ. ʠʩʢʦʤʦʝ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: ;2sin
3

1
21 xxyyy +=+=  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

 

;sincos2sin
3

1
21 xCxCxxy +++=  

 

 

 ʈʘʩʩʤʦʪʨʠʤ ʧʨʠʤʝʨʳ ʧʨʠʤʝʥʝʥʠʷ ʦʧʠʩʘʥʥʳʭ ʤʝʪʦʜʦʚ. 

 

 ʇʨʠʤʝʨ. ʈʝhʠʪʴ ʫʨʘʚʥʝʥʠʝ .32 xeyyy =+¡-¡¡  

ʉʦʩʪʘʚʠʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ ʜʣʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʣʠʥʝʡʥʦʛʦ 

ʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

;1;012 21

2 ==-+- kkkk  

 

 ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: .21

xx xeCeCy +=  

ʊʝʧʝʨʴ ʥʘʡʜʝʤ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚ ʚʠʜʝ: 

)(xQexy xr a=  

;)(;2;1 CxQr ===a  

.2 xeCxy=  

ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʤʝʪʦʜʦʤ ʥʝʦʧʨʝʜʝʣʝʥʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ. 

.222;2 22 xxxxxx eCxCxeCxeCeyeCxCxey +++=¡¡+=¡  

ʇʦʜʩʪʘʚʣʷʷ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʧʦʣʫʯʘʝʤ: 

.32442 222 xxxxxxx eeCxeCxCxeeCxCxeCe =+--++  

.
2

3
;32 == CC  

ʏʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: .
2

3 2 xexy=  

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʣʠʥʝʡʥʦʛʦ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: .
2

3 2

21

xxx exxeCeCy ++=  

 ʇʨʠʤʝʨ. ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ  .12-=¡-¡¡¡ xyy  

 

ʍʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: ;1;1;0;0)1(;0 321

23 -====-=- kkkkkkk  
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ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: .321

xx eCeCCy -++=  

ʏʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: )(xQexy xr a= . 

.)(;1;0 2 CBxAxxQr ++===a  

CxBxAxy ++= 23  

ʅʘʭʦʜʠʤ ʧʨʦʠʟʚʦʜʥʳʝ ʠ ʧʦʜʩʪʘʚʣʷʝʤ ʠʭ ʚ ʠʩʭʦʜʥʦʝ ʥʝʦʜʥʦʨʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

;6;26;23 2 AyBAxyCBxAxy =¡¡¡+=¡¡++=¡  

;1236 22 -=--- xCBxAxA  

;16;02;13 -=-=-=- CABA  

;1;0;
3

1
-==-= CBA  

ʇʦʣʫʯʘʝʤ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

 

 

                                                 .
3

1 3

321 xxeCeCCy xx --++= -  

 

 

 

ʅʦʨʤʘʣʴʥʳʝ ʩʠʩʪʝʤʳ ʦʙʳʢʥʦʚʝʥʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʉʦʚʦʢʫʧʥʦʩʪʴ ʩʦʦʪʥʦʰʝʥʠʡ ʚʠʜʘ: 

î
î

í

î
î

ì

ë

=¡¡¡

=¡¡¡

=¡¡¡

0),...,,,,...,,,(

......................................................

0),...,,,,...,,,(

0),...,,,,...,,,(

2121

21212

21211

nnn

nn

nn

yyyyyyxF

yyyyyyxF

yyyyyyxF

 

ʛʜʝ ʭ- ʥʝʟʘʚʠʩʠʤʘʷ ʧʝʨʝʤʝʥʥʘʷ, ʫ1, ʫ2,é,ʫn ï ʠʩʢʦʤʳʝ ʬʫʥʢʮʠʠ, ʥʘʟʳʚʘʝʪʩʷ ʩʠʩʪʝʤʦʡ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʉʠʩʪʝʤʘ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ, 

ʨʘʟʨʝʰʝʥʥʳʭ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʨʦʠʟʚʦʜʥʳʭ ʦʪ ʥʝʠʟʚʝʩʪʥʳʭ ʬʫʥʢʮʠʡ ʥʘʟʳʚʘʝʪʩʷ 

ʥʦʨʤʘʣʴʥʦʡ ʩʠʩʪʝʤʦʡ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ. 

 ʊʘʢʘʷ ʩʠʩʪʝʤʘ ʠʤʝʝʪ ʚʠʜ: 

                                                          

î
î
î
î

í

î
î
î
î

ì

ë

=

=

=

),...,,,(

........................................

),...,,,(

),...,,,(

21

212
2

211
1

nn

n

n

n

yyyxf
dx

dy

yyyxf
dx

dy

yyyxf
dx

dy

                                             (1) 

 

 ɼʣʷ ʧʨʠʤʝʨʘ ʤʦʞʥʦ ʩʢʘʟʘʪʴ, ʯʪʦ ʛʨʘʬʠʢ ʨʝʰʝʥʠʷ ʩʠʩʪʝʤʳ ʜʚʫʭ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʠʥʪʝʛʨʘʣʴʥʫʶ ʢʨʠʚʫʶ ʚ ʪʨʝʭʤʝʨʥʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ. 

 

 ʊʝʦʨʝʤʘ. (ʊʝʦʨʝʤʘ ʂʦʰʠ). ɽʩʣʠ ʚ ʥʝʢʦʪʦʨʦʡ ʦʙʣʘʩʪʠ (n-1) ïʤʝʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ ʬʫʥʢʮʠʠ ),,...,,,( 211 nyyyxf  ),,...,,,( 212 nyyyxf  é ),...,,,( 21 nn yyyxf  



54 

ʥʝʧʨʝʨʳʚʥʳ ʠ ʠʤʝʶʪ ʥʝʧʨʝʨʳʚʥʳʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʧʦ nyyy ,...,, 21 , ʪʦ ʜʣʷ ʣʶʙʦʡ 

ʪʦʯʢʠ ),...,,.( 020100 nyyyx  ʵʪʦʡ ʦʙʣʘʩʪʠ ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ 

)(...),(),( 2211 xyxyxy nn j=j=j=  

ʩʠʩʪʝʤʳ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚʠʜʘ (1), ʦʧʨʝʜʝʣʝʥʥʦʝ ʚ ʥʝʢʦʪʦʨʦʡ 

ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ ʭ0 ʠ ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ .,...,,. 020100 nyyyx  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʆʙʱʠʤ ʨʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʚʠʜʘ 

(1) ʙʫʜʝʪ ʩʦʚʦʢʫʧʥʦʩʪʴ ʬʫʥʢʮʠʡ ),...,,,( 2111 nCCCxy j= , ),...,,,( 2122 nCCCxy j= , é 

),...,,,( 21 nnn CCCxy j= , ʢʦʪʦʨʳʝ ʧʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʚ ʩʠʩʪʝʤʫ (1) ʦʙʨʘʱʘʶʪ ʝʝ ʚ 

ʪʦʞʜʝʩʪʚʦ. 

 

 

 

ʅʦʨʤʘʣʴʥʳʝ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʦʜʥʦʨʦʜʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ ʩ ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

 ʇʨʠ ʨʘʩʩʤʦʪʨʝʥʠʠ ʩʠʩʪʝʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʦʛʨʘʥʠʯʠʤʩʷ ʩʣʫʯʘʝʤ 

ʩʠʩʪʝʤʳ ʪʨʝʭ ʫʨʘʚʥʝʥʠʡ (n = 3). ɺʩʝ ʥʠʞʝʩʢʘʟʘʥʥʦʝ ʩʧʨʘʚʝʜʣʠʚʦ ʜʣʷ ʩʠʩʪʝʤ 

ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʧʦʨʷʜʢʘ. 

 

ʆʧʨʝʜʝʣʝʥʠʝ. ʅʦʨʤʘʣʴʥʘʷ ʩʠʩʪʝʤʘ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ c 

ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʦʡ ʦʜʥʦʨʦʜʥʦʡ, ʝʩʣʠ ʝʝ ʤʦʞʥʦ 

ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ: 

                                                          

î
î
î

í

î
î
î

ì

ë

++=

++=

++=

uazaya
dx

du

uazaya
dx

dz

uazaya
dx

dy

333231

232221

131211

                                                (2) 

 

 ʈʝʰʝʥʠʷ ʩʠʩʪʝʤʳ (2) ʦʙʣʘʜʘʶʪ ʩʣʝʜʫʶʱʠʤʠ ʩʚʦʡʩʪʚʘʤʠ: 

 

1) ɽʩʣʠ y, z, u ï ʨʝʰʝʥʠʷ ʩʠʩʪʝʤʳ, ʪʦ Cy, Cz, Cu , ʛʜʝ C = const ï ʪʦʞʝ ʷʚʣʷʶʪʩʷ 

ʨʝʰʝʥʠʷʤʠ ʵʪʦʡ ʩʠʩʪʝʤʳ. 

2) ɽʩʣʠ y1, z1, u1 ʠ y2, z2, u2 ï ʨʝʰʝʥʠʷ ʩʠʩʪʝʤʳ, ʪʦ y1 + y2, z1 + z2, u1 + u2 ï ʪʦʞʝ 

ʷʚʣʷʶʪʩʷ ʨʝʰʝʥʠʷʤʠ ʩʠʩʪʝʤʳ. 

 

 ʈʝʰʝʥʠʷ ʩʠʩʪʝʤʳ ʠʱʫʪʩʷ ʚ ʚʠʜʝ: constkeuezey kxkxkx =gbag=b=a= ,,,,;;  

ʇʦʜʩʪʘʚʣʷʷ ʵʪʠ ʟʥʘʯʝʥʠʷ ʚ ʩʠʩʪʝʤʫ (2) ʠ ʧʝʨʝʥʝʩʷ ʚʩʝ ʯʣʝʥʳ ʚ ʦʜʥʫ ʩʪʦʨʦʥʫ ʠ ʩʦʢʨʘʪʠʚ 

ʥʘ e
kx
, ʧʦʣʫʯʘʝʤ: 

î
í

î
ì

ë

=g-+b+a

=g+b-+a

=g+b+a-

0)(

0)(

0)(

333231

232221

131211

kaaa

akaa

aaka

 

ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʧʦʣʫʯʝʥʥʘʷ ʩʠʩʪʝʤʘ ʠʤʝʣʘ ʥʝʥʫʣʝʚʦʝ ʨʝʰʝʥʠʝ ʥʝʦʙʭʦʜʠʤʦ ʠ 

ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʦʧʨʝʜʝʣʠʪʝʣʴ ʩʠʩʪʝʤʳ ʙʳʣ ʨʘʚʝʥ ʥʫʣʶ, ʪ.ʝ.: 
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0

333231

232221

131211

=

-

-

-

kaaa

akaa

aaka

 

 ɺ ʨʝʟʫʣʴʪʘʪʝ ʚʳʯʠʩʣʝʥʠʷ ʦʧʨʝʜʝʣʠʪʝʣʷ ʧʦʣʫʯʘʝʤ ʫʨʘʚʥʝʥʠʝ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ 

ʦʪʥʦʩʠʪʝʣʴʥʦ k. ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʠʤ ʫʨʘʚʥʝʥʠʝʤ ʠ ʠʤʝʝʪ 

ʪʨʠ ʢʦʨʥʷ k1, k2, k3. ʂʘʞʜʦʤʫ ʠʟ ʵʪʠʭ ʢʦʨʥʝʡ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʥʝʥʫʣʝʚʦʝ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ 

(2): 

,,, 111

111111

xkxkxk
euezey g=b=a=  

,,, 222

222222

xkxkxk
euezey g=b=a=  

.,, 333

333333

xkxkxk
euezey g=b=a=  

 ʃʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ ʵʪʠʭ ʨʝʰʝʥʠʡ ʩ ʧʨʦʠʟʚʦʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʙʫʜʝʪ 

ʨʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ (2): 

;321

332211

xkxkxk
eCeCeCy a+a+a=  

;321

332211

xkxkxk
eCeCeCz b+b+b=  

.321

332211

xkxkxk
eCeCeCu g+g+g=  

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ: 

í
ì
ë

+=¡

+=¡

yxy

yxx

22

25
 

ʉʦʩʪʘʚʠʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: 

;042510;04)2)(5(;0
22

25
2 =-+--=---=

-

-
kkkkk

k

k
 

;6;1;067 21

2 ===+- kkkk  

ʈʝʰʠʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ: 

í
ì
ë

=b-+a

=b+a-

0)(

0)(

2221

1211

kaa

aka
 

ɼʣʷ k1:   
í
ì
ë

=b+a

=b+a

í
ì
ë

=b-+a

=b+a-

02

024

0)12(2

02)15(

11

11

11

11
 

ʇʦʣʘʛʘʷ 11 =a (ʧʨʠʥʠʤʘʝʪʩʷ ʣʶʙʦʝ ʟʥʘʯʝʥʠʝ), ʧʦʣʫʯʘʝʤ: .21 -=b  

 

ɼʣʷ k2:   
í
ì
ë

=b-a

=b+a-

í
ì
ë

=b-+a

=b+a-

042

021

0)62(2

02)65(

22

22

22

22
 

ʇʦʣʘʛʘʷ 22 =a (ʧʨʠʥʠʤʘʝʪʩʷ ʣʶʙʦʝ ʟʥʘʯʝʥʠʝ), ʧʦʣʫʯʘʝʤ: .12 =b  

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ: 
îí

î
ì
ë

+-=

+=

tt

tt

eCeCy

eCeCx

6

21

6

21

2

2
 

 

  

ʕʪʦʪ ʧʨʠʤʝʨ ʤʦʞʝʪ ʙʳʪʴ ʨʝʰʝʥ ʜʨʫʛʠʤ ʩʧʦʩʦʙʦʤ: 

 

ʇʨʦʜʠʬʬʝʨʝʥʮʠʨʫʝʤ ʧʝʨʚʦʝ ʫʨʘʚʥʝʥʠʝ: ;25 yxx ¡+¡=¡¡  

ʇʦʜʩʪʘʚʠʤ ʚ ʵʪʦ ʚʳʨʘʞʝʥʠʝ ʧʨʦʠʟʚʦʜʥʫʶ ʫ¡ =2x + 2y  ʠʟ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 

;445 yxxx ++¡=¡¡  

 ʇʦʜʩʪʘʚʠʤ ʩʶʜʘ ʫ, ʚʳʨʘʞʝʥʥʦʝ ʠʟ ʧʝʨʚʦʛʦ ʫʨʘʚʥʝʥʠʷ: 
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xxxxx 10245 -¡++¡=¡¡  

067 =+¡-¡¡ xxx  

 

1;6 21 == kk  

;6; 66 tttt BeAexBeAex +=¡+=  

 

;55652 66 tttt BeAeBeAexxy --+=-¡=  

;
2

1
2 6tt BeAey +-=  

 ʆʙʦʟʥʘʯʠʚ 21
2

1
; CBCA == , ʧʦʣʫʯʘʝʤ  ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ: 

îí

î
ì
ë

+-=

+=

tt

tt

eCeCy

eCeCx

6

21

6

21

2

2
 

 

 

 

ʇʨʠʤʝʨ. ʅʘʡʪʠ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ 

í
ì
ë

++=¡

+=¡

xzyz

zyy
 

ʕʪʘ ʩʠʩʪʝʤʘ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʥʝ ʦʪʥʦʩʠʪʩʷ ʢ ʨʘʩʩʤʦʪʨʝʥʥʦʤʫ ʚʳʰʝ ʪʠʧʫ, 

ʪ.ʢ. ʥʝ ʷʚʣʷʝʪʩʷ ʦʜʥʦʨʦʜʥʳʤ (ʚ ʫʨʘʚʥʝʥʠʝ ʚʭʦʜʠʪ ʥʝʟʘʚʠʩʠʤʘʷ ʧʝʨʝʤʝʥʥʘʷ ʭ). 

 ɼʣʷ ʨʝʰʝʥʠʷ ʧʨʦʜʠʬʬʝʨʝʥʮʠʨʫʝʤ ʧʝʨʚʦʝ ʫʨʘʚʥʝʥʠʝ ʧʦ ʭ. ʇʦʣʫʯʘʝʤ: 

.zyy ¡+¡=¡¡  

ɿʘʤʝʥʷʷ ʟʥʘʯʝʥʠʝ zô ʠʟ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʦʣʫʯʘʝʤ: xzyyy +++¡=¡¡ . 

ʉ ʫʯʝʪʦʤ ʧʝʨʚʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʧʦʣʫʯʘʝʤ: .2 xyy +¡=¡¡  

ʈʝʰʘʝʤ ʧʦʣʫʯʝʥʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ. 

.2;0;02;02;2 21

2 ===-=¡-¡¡=¡-¡¡ kkkkyyxyy  

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: .2

21

xeCCy +=  

 

ʊʝʧʝʨʴ ʥʘʭʦʜʠʤ ʯʘʩʪʥʦʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʦ 

ʬʦʨʤʫʣʝ ;)(;1;0);( BAxxQrxQexy xr +===a= a  

;2;2;2 AyBAxyBxAxy =¡¡+=¡+=  

;
4

1
;

4

1
;242 -=-==-- BAxBAxA  

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʥʝʦʜʥʦʨʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

 

).1(
4

12

21 +-+= xxeCCy x  

ʇʦʜʩʪʘʚʠʚ ʧʦʣʫʯʝʥʥʦʝ ʟʥʘʯʝʥʠʝ ʚ ʧʝʨʚʦʝ ʫʨʘʚʥʝʥʠʝ ʩʠʩʪʝʤʳ, ʧʦʣʫʯʘʝʤ: 

).1(
4

1 22

21 --++-= xxeCCz x  

 

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ: 

î
í

î
ì

ë

+=¡

+=¡

+=¡

zyw

wyz

wzy

3

3  
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ʉʦʩʪʘʚʠʤ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ: 

;0
13

3

3

13

1

1
;0

13

13

11

=
-

+
-

-
-

-
-=

-

-

-
k

kk

k
k

k

k

k

 

;3;2;1;067;03333)1( 321

32 =-=-==--=++++-- kkkkkkkkk  

 

1) k = -1. 

;;0;

03

03

0

g-=b=a
î
í

î
ì

ë

=g+b+a

=g+b+a

=g+b+a

 

ɽʩʣʠ ʧʨʠʥʷʪʴ g = 1, ʪʦ ʨʝʰʝʥʠʷ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʧʦʣʫʯʘʝʤ: 

;;;0 111

xx ewezy -- =-==  

 

2) k2 = -2. 

;;;

023

023

02

g=bg-=a
î
í

î
ì

ë

=g+b+a

=g+b+a

=g+b+a

 

ɽʩʣʠ ʧʨʠʥʷʪʴ g = 1, ʪʦ ʧʦʣʫʯʘʝʤ: 

;;; 2

2

2

2

2

2

xxx ewezey --- ==-=  

 

3) k3 = 3. 

;;
3

2
;

033

033

03

g=bg=a
î
í

î
ì

ë

=g-b+a

=g+b-a

=g+b+a-

 

ɽʩʣʠ ʧʨʠʥʷʪʴ g = 3, ʪʦ ʧʦʣʫʯʘʝʤ: 

;3;3;2 3

3

3

3

3

3

xxx ewezey ===  

 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʠʤʝʝʪ ʚʠʜ: 

î
í

î
ì

ë

++=

++-=

+-=

--

--

-

xxx

xxx

xx

eCeCeCw

eCeCeCz

eCeCy

3

3

2

21

3

3

2

21

3

3

2

2

3

3

2

 

 

 

 

 

 

 

ʕʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ʫʩʪʦʡʯʠʚʦʩʪʠ. 

 

 ʊʝʦʨʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʨʝʰʝʥʠʡ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʷʚʣʷʝʪʩʷ ʦʜʥʠʤ ʠʟ 

ʨʘʟʜʝʣʦʚ ʢʘʯʝʩʪʚʝʥʥʦʡ ʪʝʦʨʠʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʢʦʪʦʨʘʷ ʧʦʩʚʷʱʝʥʘ 

ʥʝ ʥʘʭʦʞʜʝʥʠʶ ʢʘʢʦʛʦ ï ʣʠʙʦ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ, ʘ ʠʟʫʯʝʥʠʶ ʭʘʨʘʢʪʝʨʘ ʧʦʚʝʜʝʥʠʷ 

ʵʪʦʛʦ ʨʝʰʝʥʠʷ ʧʨʠ ʠʟʤʝʥʝʥʠʠ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ ʠʣʠ ʘʨʛʫʤʝʥʪʘ. 
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 ʕʪʦʪ ʤʝʪʦʜ ʦʩʦʙʝʥʥʦ ʚʘʞʝʥ, ʪ.ʢ. ʧʦʟʚʦʣʷʝʪ ʜʝʣʘʪʴ ʚʳʚʦʜ ʦ ʭʘʨʘʢʪʝʨʝ ʨʝʰʝʥʠʷ 

ʙʝʟ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦʛʦ ʥʘʭʦʞʜʝʥʠʷ ʵʪʦʛʦ ʨʝʰʝʥʠʷ. ʊ.ʝ. ʜʘʞʝ ʚ ʪʝʭ ʩʣʫʯʘʷʭ, ʢʦʛʜʘ 

ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚʦʦʙʱʝ ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥʦ ʘʥʘʣʠʪʠʯʝʩʢʠ. 

 ʇʫʩʪʴ ʠʤʝʝʪʩʷ ʥʝʢʦʪʦʨʦʝ ʷʚʣʝʥʠʝ, ʦʧʠʩʘʥʥʦʝ ʩʠʩʪʝʤʦʡ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʡ: 

                                            ),...,2,1();,...,,,( 21 niyyytf
dt

dy
ni

i ==                                   (1) 

ʠ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ: .)( 00 ii yty =  

 ɼʣʷ ʢʦʥʢʨʝʪʥʦʛʦ ʷʚʣʝʥʠʷ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ ʦʧʨʝʜʝʣʷʶʪʩʷ ʦʧʳʪʥʳʤ ʧʫʪʝʤ ʠ 

ʧʦʵʪʦʤʫ ʥʝʪʦʯʥʳ. 

 

 ʊʝʦʨʝʤʘ. (ʦ ʥʝʧʨʝʨʳʚʥʦʡ ʟʘʚʠʩʠʤʦʩʪʠ ʨʝʰʝʥʠʷ ʦʪ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ) 

ɽʩʣʠ ʧʨʘʚʘʷ ʯʘʩʪʴ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ),( ytf
dt

dy
= ʥʝʧʨʝʨʳʚʥʘ ʠ ʧʦ 

ʧʝʨʝʤʝʥʥʦʡ ʫ ʠʤʝʝʪ ʦʛʨʘʥʠʯʝʥʥʫʶ ʯʘʩʪʥʫʶ ʧʨʦʠʟʚʦʜʥʫʶ ( )Nf y ¢¡  ʥʘ ʦʙʣʘʩʪʠ 

ʧʨʷʤʦʫʛʦʣʴʥʠʢʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ { }byybyattatD +¢¢-+¢¢-= 0000 , , ʪʦ ʨʝʰʝʥʠʝ  

),,()( 00 yttyty = , ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ 00)( yty = , ʥʝʧʨʝʨʳʚʥʦ 

ʟʘʚʠʩʠʪ ʦʪ ʥʘʯʘʣʴʥʳʭ ʜʘʥʥʳʭ, ʪ.ʝ. ʜʣʷ ʣʶʙʦʛʦ 00 >D$>e" , ʧʨʠ ʢʦʪʦʨʦʤ ʝʩʣʠ 

,000 <-yy  ʪʦ e<- ),(),,( 0000 yttyytty  ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ 

,; 00 TTTtt <<-  ʛʜʝ 

.),(max,,
1

,min
),(

0 ytfM
M

b

N
aT

Dyt Í
=

ý
ü
û

í
ì
ë

=  

 ʕʪʘ ʪʝʦʨʝʤʘ ʩʧʨʘʚʝʜʣʠʚʘ ʢʘʢ ʜʣʷ ʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʪʘʢ ʠ 

ʜʣʷ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ { })(),...,(),()( 21 tttt njjj=j  - ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʪʦ ʵʪʦ ʨʝʰʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʫʩʪʦʡʯʠʚʳʤ ʧʦ ʃʷʧʫʥʦʚʫ, 

ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ 00 >D$>e , ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʨʝʰʝʥʠʷ 

{ })(),...,(),()( 21 tytytyty n=  ʪʦʡ ʞʝ ʩʠʩʪʝʤʳ, ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ ʢʦʪʦʨʦʛʦ 

ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʝʨʘʚʝʥʩʪʚʘʤ 

),1()()( 00 nitty ii =D<j-  

ʩʧʨʘʚʝʜʣʠʚʳ ʥʝʨʘʚʝʥʩʪʚʘ 

[ )¤Í"e<j- ,)()( 0tttty ii  

 

(ʃʷʧʫʥʦʚ ɸʣʝʢʩʘʥʜʨ ʄʠʭʘʡʣʦʚʠʯ (1857 ï 1918) ʘʢʘʜʝʤʠʢ ʇʝʪʝʨʙ. ɸʅ) 

 

 ʊ.ʝ. ʤʦʞʥʦ ʩʢʘʟʘʪʴ, ʯʪʦ ʨʝʰʝʥʠʝ j(t) ʫʩʪʦʡʯʠʚʦ ʧʦ ʃʷʧʫʥʦʚʫ, ʝʩʣʠ ʙʣʠʟʢʠʝ ʢ 

ʥʝʤʫ ʧʦ ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ ʨʝʰʝʥʠʷ ʦʩʪʘʶʪʩʷ ʙʣʠʟʢʠʤʠ ʠ ʧʨʠ t ² t0. 

 ɽʩʣʠ ),1(,0)()(lim nitty ii
t

==j-
¤

, ʪʦ ʨʝʰʝʥʠʝ j(t) ʥʘʟʳʚʘʝʪʩʷ 

ʘʩʠʤʧʪʦʪʠʯʝʩʢʠ ʫʩʪʦʡʯʠʚʳʤ. 

 ʀʩʩʣʝʜʦʚʘʥʠʝ ʥʘ ʫʩʪʦʡʯʠʚʦʩʪʴ ʧʦ ʃʷʧʫʥʦʚʫ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʨʝʰʝʥʠʷ 

{ })(),...,(),()( 21 tttt njjj=j  ʩʠʩʪʝʤʳ ),...,2,1();,...,,,( 21 niyyytf
dt

dy
ni

i == ʤʦʞʥʦ 

ʩʚʝʩʪʠ ʢ ʠʩʩʣʝʜʦʚʘʥʠʶ ʥʘ ʫʩʪʦʡʯʠʚʦʩʪʴ ʨʘʚʥʦʛʦ ʥʫʣʶ ʨʝʰʝʥʠʷ ʥʝʢʦʪʦʨʦʡ ʜʨʫʛʦʡ 

ʩʠʩʪʝʤʳ, ʢʦʪʦʨʘʷ ʧʦʣʫʯʝʥʘ ʠʟ ʜʘʥʥʦʡ ʟʘʤʝʥʦʡ ʥʝʠʟʚʝʩʪʥʳʭ ʬʫʥʢʮʠʡ: 



59 

.,...,1),()()( nittytx iii =j-=  

 ʊʦʛʜʘ:  

dt

d

dt

dx

dt

dy iii j
+=  

                       [ ] [ ] .,...,1,)(),...,(,)(),...,(, 111 nitttftxtxtf
dt

dx
ninni

i =jj-j+j+=           (2) 

 

 ʉʠʩʪʝʤʘ (2) ʠʤʝʝʪ ʪʨʠʚʠʘʣʴʥʦʝ (ʨʘʚʥʦʝ ʥʫʣʶ) ʨʝʰʝʥʠʝ .0)( =txi  

 

 ʊʝʦʨʝʤʘ. ʈʝʰʝʥʠʝ { })(),...,(),()( 21 tttt njjj=j  ʩʠʩʪʝʤʳ (1) ʫʩʪʦʡʯʠʚʦ ʧʦ 

ʃʷʧʫʥʦʚʫ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʫʩʪʦʡʯʠʚʦ ʧʦ ʃʷʧʫʥʦʚʫ ʪʨʠʚʠʘʣʴʥʦʝ ʨʝʰʝʥʠʝ 

ʩʠʩʪʝʤʳ (2). 

 ʕʪʦ ʪʨʠʚʠʘʣʴʥʦʝ ʨʝʰʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʦʞʝʥʠʝʤ ʨʘʚʥʦʚʝʩʠʷ ʠʣʠ ʪʦʯʢʦʡ 

ʧʦʢʦʷ. 
 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʊʦʯʢʘ ʧʦʢʦʷ 0)( =txi ʩʠʩʪʝʤʳ (2) ʫʩʪʦʡʯʠʚʘ ʧʦ ʃʷʧʫʥʦʚʫ, ʝʩʣʠ 

ʜʣʷ ʣʶʙʦʛʦ 0)(0 >eD$>e"  ʪʘʢʦʝ, ʯʪʦ ʠʟ ʥʝʨʘʚʝʥʩʪʚʘ  

),...,1()()( 0 nitxi =eD<  

ʩʣʝʜʫʝʪ 

0),...,1()( ttnitxi ²"=e< . 

 

 

 ʊʝʦʨʝʤʘ. (ʊʝʦʨʝʤʘ ʃʷʧʫʥʦʚʘ). ʇʫʩʪʴ ʟʘʜʘʥʘ ʩʠʩʪʝʤʘ  

),...,2,1();,...,,,( 21 niyyytf
dt

dy
ni

i ==  

ʠʤʝʶʱʘʷ ʪʨʠʚʠʘʣʴʥʦʝ ʨʝʰʝʥʠʝ 0)( =tyi . 

 ʇʫʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ ʬʫʥʢʮʠʷ ),...,( 1 nyyv , ʫʜʦʚʣʝʪʚʦʨʷʶʱʘʷ 

ʫʩʣʦʚʠʷʤ: 

 1) ),...,( 1 nyyv ²0 ʠ v = 0 ʪʦʣʴʢʦ ʧʨʠ ʫ1 = ʫ2 = é = ʫn =0, ʪ.ʝ. ʬʫʥʢʮʠʷ v ʠʤʝʝʪ 

ʤʠʥʠʤʫʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ. 

 2) ʇʦʣʥʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʬʫʥʢʮʠʠ v ʚʜʦʣʴ ʬʘʟʦʚʦʡ ʪʨʘʝʢʪʦʨʠʠ (ʪ.ʝ. ʚʜʦʣʴ 

ʨʝʰʝʥʠʷ yi(t) ʩʠʩʪʝʤʳ (1)) ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʩʣʦʚʠʶ: 

ää
==

¢
µ

µ
=

µ

µ

µ

µ
=

n

i

nii

i

n

i

i

i

yytf
y

v

t

y

y

v

dt

dv

11

0),...,,(    ʧʨʠ  0tt²  

ʊʦʛʜʘ ʪʦʯʢʘ ʧʦʢʦʷ niyi ,...,1,0 =¹  ʫʩʪʦʡʯʠʚʘ ʧʦ ʃʷʧʫʥʦʚʫ. 

 ɽʩʣʠ ʚʚʝʩʪʠ ʜʦʧʦʣʥʠʪʝʣʴʥʦʝ ʪʨʝʙʦʚʘʥʠʝ, ʯʪʦʙʳ ʚʥʝ ʩʢʦʣʴ ʫʛʦʜʥʦ ʤʘʣʦʡ 

ʦʢʨʝʩʪʥʦʩʪʠ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ ( )D²++ 22

1 ... nyy  ʚʳʧʦʣʥʷʣʦʩʴ ʫʩʣʦʚʠʝ 

),(,0 0tt
t

v
²<b-¢

µ

µ
 

ʛʜʝ b - ʧʦʩʪʦʷʥʥʘʷ ʚʝʣʠʯʠʥʘ, ʪʦ ʪʦʯʢʘ ʧʦʢʦʷ niyi ,...,1,0 =¹  ʘʩʠʤʧʪʦʪʠʯʝʩʢʠ 

ʫʩʪʦʡʯʠʚʘ. 

 ʌʫʥʢʮʠʷ v ʥʘʟʳʚʘʝʪʩʷ ʬʫʥʢʮʠʝʡ ʃʷʧʫʥʦʚʘ. 
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ʂʣʘʩʩʠʬʠʢʘʮʠʷ ʪʦʯʝʢ ʧʦʢʦʷ. 

 

ʈʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ ʜʚʫʭ ʣʠʥʝʡʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʩ 

ʧʦʩʪʦʷʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 
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yaxa
dt

dy

yaxa
dt

dx
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ʍʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʝ ʫʨʘʚʥʝʥʠʝ ʵʪʦʡ ʩʠʩʪʝʤʳ ʠʤʝʝʪ ʚʠʜ: 

0
2221

1211
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aa

aa
 

 

 ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʠʝ ʚʦʟʤʦʞʥʳʝ ʩʣʫʯʘʠ: 

 

1) ʂʦʨʥʠ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ, ʦʪʨʠʮʘʪʝʣʴʥʳʝ ʠ ʨʘʟʣʠʯʥʳʝ. 

.,0,0 2121 ļl<l<l  

ʊʦʯʢʘ ʧʦʢʦʷ 0¹=yx  ʙʫʜʝʪ ʫʩʪʦʡʯʠʚʘ. ʊʘʢʘʷ ʪʦʯʢʘ ʧʦʢʦʷ ʥʘʟʳʚʘʝʪʩʷ ʫʩʪʦʡʯʠʚʳʤ 

ʫʟʣʦʤ. 

 

2) ʂʦʨʥʠ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳ ʠ 

0,0 21 <l=l  ʠʣʠ 021 <l=l . 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʪʦʯʢʘ ʧʦʢʦʷ ʪʘʢʞʝ ʙʫʜʝʪ ʫʩʪʦʡʯʠʚʘ. 

 

3) ʍʦʪʷ ʙʳ ʦʜʠʥ ʠʟ ʢʦʨʥʝʡ 21,ll  ʧʦʣʦʞʠʪʝʣʝʥ. 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʪʦʯʢʘ ʧʦʢʦʷ 0¹=yx ʥʝʫʩʪʦʡʯʠʚʘ, ʠ ʪʘʢʫʶ ʪʦʯʢʫ ʥʘʟʳʚʘʶʪ 

ʥʝʫʩʪʦʡʯʠʚʳʤ ʩʝʜʣʦʤ. 

 

4) ʆʙʘ ʢʦʨʥʷ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʦʣʦʞʠʪʝʣʴʥʳ 0,0 21 >l>l . 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʪʦʯʢʘ ʧʦʢʦʷ 0¹=yx ʥʝʫʩʪʦʡʯʠʚʘ, ʠ ʪʘʢʫʶ ʪʦʯʢʫ ʥʘʟʳʚʘʶʪ 

ʥʝʫʩʪʦʡʯʠʚʳʤ ʫʟʣʦʤ. 

 

ɽʩʣʠ ʧʦʣʫʯʝʥʥʦʛʦ ʨʝʰʝʥʠʷ 
îí

î
ì
ë

b+a=

b+a=

ll

ll

tt

tt

eCeCy

eCeCx

21

21

2221

1211
ʩʠʩʪʝʤʳ ʠʩʢʣʶʯʠʪʴ ʧʘʨʘʤʝʪʨ t, ʪʦ 

ʧʦʣʫʯʝʥʥʘʷ ʬʫʥʢʮʠʷ )(ty j=  ʜʘʝʪ ʪʨʘʝʢʪʦʨʠʶ ʜʚʠʞʝʥʠʷ ʚ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ XOY. 

ɺʦʟʤʦʞʥʳ ʩʣʝʜʫʶʱʠʝ ʩʣʫʯʘʠ: 

   b         b 
 

 

 

    a    a 
 

 

 

 

 

        ʋʩʪʦʡʯʠʚʳʡ ʫʟʝʣ.  ʅʝʫʩʪʦʡʯʠʚʳʡ ʫʟʝʣ.   ʉʝʜʣʦ. 

5) ʂʦʨʥʠ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʢʦʤʧʣʝʢʩʥʳʝ iqpiqp -=l+=l 21 , . 

ɽʩʣʠ ʨ = 0, ʪ.ʝ. ʢʦʨʥʠ ʯʠʩʪʦ ʤʥʠʤʳʝ, ʪʦ ʪʦʯʢʘ ʧʦʢʦʷ (0, 0) ʫʩʪʦʡʯʠʚʘ ʧʦ ʃʷʧʫʥʦʚʫ. 
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ʊʘʢʘʷ ʪʦʯʢʘ ʧʦʢʦʷ ʥʘʟʳʚʘʝʪʩʷ ʮʝʥʪʨʦʤ. 

ɽʩʣʠ  p< 0, ʪʦ ʪʦʯʢʘ ʧʦʢʦʷ ʫʩʪʦʡʯʠʚʘ ʠ ʥʘʟʳʚʘʝʪʩʷ ʫʩʪʦʡʯʠʚʳʤ ʬʦʢʫʩʦʤ. 

ɽʩʣʠ p > 0, ʪʦ ʪʦʯʢʘ ʧʦʢʦʷ ʥʝʫʩʪʦʡʯʠʚʘ ʠ ʥʘʟʳʚʘʝʪʩʷ ʥʝʫʩʪʦʡʯʠʚʳʤ ʬʦʢʫʩʦʤ. 

 

 

ʋʨʘʚʥʝʥʠʷ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʬʠʟʠʢʠ. 

 

ʋʨʘʚʥʝʥʠʷ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ ʫʨʘʚʥʝʥʠʝʤ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ 
ʥʘʟʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʝʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ, ʝʝ 

ʘʨʛʫʤʝʥʪʦʚ ʠ ʝʝ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʨʘʟʣʠʯʥʳʭ ʧʦʨʷʜʢʦʚ. 
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 ʇʦʨʷʜʢʦʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʥʘʟʳʚʘʝʪʩʷ 

ʧʦʨʷʜʦʢ ʩʪʘʨʰʝʡ ʧʨʦʠʟʚʦʜʥʦʡ, ʚʭʦʜʷʱʝʡ ʚ ʵʪʦ ʫʨʘʚʥʝʥʠʝ. ʈʝʰʝʥʠʝʤ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ 

ʥʝʢʦʪʦʨʘʷ ʬʫʥʢʮʠʷ ),...,,( 21 nxxxuu= , ʢʦʪʦʨʘʷ ʦʙʨʘʱʘʝʪ ʫʨʘʚʥʝʥʠʝ ʚ ʪʦʞʜʝʩʪʚʦ. 

 

ʃʠʥʝʡʥʳʝ ʦʜʥʦʨʦʜʥʳʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʫʨʘʚʥʝʥʠʷ ʚ ʯʘʩʪʥʳʭ 

ʧʨʦʠʟʚʦʜʥʳʭ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. 

 

ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʦʪ 

ʬʫʥʢʮʠʠ ),...,,( 21 nxxxuu=  ʤʦʞʥʦ ʚ ʦʙʱʝʤ ʚʠʜʝ ʟʘʧʠʩʘʪʴ ʢʘʢ 
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 ʃʠʥʝʡʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʠʤʝʝʪ ʚʠʜ: 

                    0),...,,(...),...,,(),...,,( 21

2

212

1

211 =
µ

µ
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µ

µ
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µ

µ

n

nnnn
x

u
xxxX

x

u
xxxX

x

u
xxxX ,      (1) 

ʛʜʝ Xi ï ʥʝʢʦʪʦʨʳʝ ʟʘʜʘʥʥʳʝ ʬʫʥʢʮʠʠ. 

 

 ʆʯʝʚʠʜʥʦ, ʯʪʦ ʦʜʥʠʤ ʠʟ ʨʝʰʝʥʠʡ ʪʘʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ ʬʫʥʢʮʠʷ u = C. 

 

ʈʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ: 

                                                       ;...
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2

1

1

n

n

X

dx

X

dx

X

dx
===                                                       (2) 

ʠʣʠ 
n

n

n

n

nnnn X

X

dx

dx

X

X

dx

dx

X

X

dx

dx 112211 ...;; -- === - ʪʘʢʘʷ ʩʠʩʪʝʤʘ ʥʘʟʳʚʘʝʪʩʷ ʥʦʨʤʘʣʴʥʦʡ. 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʵʪʦʡ ʩʠʩʪʝʤʳ ʠʤʝʝʪ ʚʠʜ: 
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ɽʩʣʠ ʨʘʟʨʝʰʠʪʴ ʵʪʠ ʫʨʘʚʥʝʥʠʷ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʦʩʪʦʷʥʥʳʭ ʉ, ʧʦʣʫʯʠʤ: 
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ʂʘʞʜʘʷ ʠʟ ʬʫʥʢʮʠʡ j ʷʚʣʷʝʪʩʷ ʠʥʪʝʛʨʘʣʦʤ ʩʠʩʪʝʤʳ (2). 

 

 ʊʝʦʨʝʤʘ. ɽʩʣʠ ),...,,( 21 nxxxj  - ʠʥʪʝʛʨʘʣ ʩʠʩʪʝʤʳ (2), ʪʦ ʬʫʥʢʮʠʷ 

),...,,( 21 nxxxu j=  - ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ (1). 

 

 

ʂʣʘʩʩʠʬʠʢʘʮʠʷ ʦʩʥʦʚʥʳʭ ʪʠʧʦʚ ʫʨʘʚʥʝʥʠʡ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ 

ʬʠʟʠʢʠ. 

 

1) ɺʦʣʥʦʚʦʝ ʫʨʘʚʥʝʥʠʝ. (ʋʨʘʚʥʝʥʠʝ ʢʦʣʝʙʘʥʠʡ ʩʪʨʫʥʳ, ʵʣʝʢʪʨʦʢʦʣʝʙʘʥʠʷ, ʢʨʫʪʠʣʴʥʳʝ 

ʢʦʣʝʙʘʥʠʷ ʚʘʣʘ ʠ ʜʨ.) ʕʪʦ ʧʨʦʩʪʝʡʰʝʝ ʫʨʘʚʥʝʥʠʝ ʛʠʧʝʨʙʦʣʠʯʝʩʢʦʛʦ ʪʠʧʘ. 
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2) ʋʨʘʚʥʝʥʠʝ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ. (ʋʨʘʚʥʝʥʠʝ ʌʫʨʴʝ) ʕʪʦ ʧʨʦʩʪʝʡʰʝʝ ʫʨʘʚʥʝʥʠʝ 

ʧʘʨʘʙʦʣʠʯʝʩʢʦʛʦ ʪʠʧʘ. ʆʧʠʩʳʚʘʝʪ ʧʨʦʮʝʩʩʳ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ, ʬʠʣʴʪʨʘʮʠʠ ʞʠʜʢʦʩʪʠ 

ʠ ʛʘʟʘ, ʥʝʢʦʪʦʨʳʝ ʚʦʧʨʦʩʳ ʪʝʦʨʠʠ ʚʝʨʦʷʪʥʦʩʪʝʡ. 

2

2
2

x

u
a

t

u

µ

µ
=

µ

µ
 

 

3) ʋʨʘʚʥʝʥʠʝ ʃʘʧʣʘʩʘ. ʕʪʦ ʧʨʦʩʪʝʡʰʝʝ ʫʨʘʚʥʝʥʠʝ ʵʣʣʠʧʪʠʯʝʩʢʦʛʦ ʪʠʧʘ. ʆʧʠʩʳʚʘʝʪ 

ʤʘʛʥʠʪʥʳʝ ʠ ʵʣʝʢʪʨʠʯʝʩʢʠʝ ʧʦʣʷ, ʛʠʜʨʦʜʠʥʘʤʠʢʫ, ʜʠʬʬʫʟʠʶ ʠ ʜʨ. 
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ɺ ʵʪʠʭ ʫʨʘʚʥʝʥʠʷʭ ʬʫʥʢʮʠʷ u ʟʘʚʠʩʠʪ ʦʪ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ, ʦʜʥʘʢʦ, ʟʘʜʘʯʘ ʤʦʞʝʪ ʙʳʪʴ 

ʨʘʩʰʠʨʝʥʘ ʜʣʷ ʩʣʫʯʘʷ ʪʨʝʭ ʧʝʨʝʤʝʥʥʳʭ: 

 

1) ɺʦʣʥʦʚʦʝ ʫʨʘʚʥʝʥʠʝ: ;
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2) ʋʨʘʚʥʝʥʠʝ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ: ;
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3) ʋʨʘʚʥʝʥʠʝ ʃʘʧʣʘʩʘ: 0
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ʈʘʩʩʤʦʪʨʠʤ ʧʦʜʨʦʙʥʝʝ ʢʘʞʜʦʝ ʠʟ ʵʪʠʭ ʫʨʘʚʥʝʥʠʡ. 

 

 

ʋʨʘʚʥʝʥʠʝ ʢʦʣʝʙʘʥʠʡ ʩʪʨʫʥʳ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɺ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʬʠʟʠʢʝ ʩʪʨʫʥʦʡ ʥʘʟʳʚʘʝʪʩʷ ʪʦʥʢʘʷ ʥʠʪʴ, ʚ 

ʢʦʪʦʨʦʡ ʚʦʟʤʦʞʥʦ ʚʦʟʥʠʢʥʦʚʝʥʠʝ ʥʘʧʨʷʞʝʥʠʡ ʪʦʣʴʢʦ ʚ ʧʨʦʜʦʣʴʥʦʤ, ʥʦ ʥʝ ʚ 

ʧʦʧʝʨʝʯʥʦʤ ʥʘʧʨʘʚʣʝʥʠʠ. 
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 ʇʫʩʪʴ ʢʦʥʮʳ ʥʘʪʷʥʫʪʦʡ ʩʪʨʫʥʳ ʟʘʢʨʝʧʣʝʥʳ ʚ ʪʦʯʢʘʭ ʭ = ʘ ʠ x = b,  ʚʦʟʥʠʢʘʶʱʠʝ 

ʚ ʥʝʡ ʥʘʧʨʷʞʝʥʠʷ ʦʙʦʟʥʘʯʠʤ ʊ. ɹʫʜʝʤ ʪʘʢʞʝ ʩʯʠʪʘʪʴ, ʯʪʦ ʧʣʦʪʥʦʩʪʴ ʩʪʨʫʥʳ ʧʦʩʪʦʷʥʥʘ 

ʥʘ ʚʩʝʤ ʝʝ ʧʨʦʪʷʞʝʥʠʠ. 

 ɼʦʧʫʩʪʠʤ, ʯʪʦ ʚ ʤʦʤʝʥʪ t0 = 0 ʩʪʨʫʥʘ ʚʳʚʝʜʝʥʘ ʠʟ ʩʦʩʪʦʷʥʠʷ ʨʘʚʥʦʚʝʩʠʷ ʠ 

ʩʦʚʝʨʰʘʝʪ ʤʘʣʳʝ ʢʦʣʝʙʘʥʠʷ. 

 ʆʪʢʣʦʥʝʥʠʝ ʩʪʨʫʥʳ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʩ ʢʦʦʨʜʠʥʘʪʦʡ ʭ ʚ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ t 

ʦʙʦʟʥʘʯʠʤ ʢʘʢ 

0,),( ²¢¢= tbxatxuu  

    u 

 

        

       C 

      B             a 

       A 

           D 

 

             0 a    x     x+Dx           b  x 

 

 ʅʘ ʧʨʦʠʟʚʦʣʴʥʳʡ ʵʣʝʤʝʥʪ ʜʣʠʥʳ ʥʠʪʠ (ʭ, ʭ + Dʭ) ʜʝʡʩʪʚʫʶʪ ʜʚʝ ʩʠʣʳ ʥʘʪʷʞʝʥʠʷ  

AD  ʠ BC. ʇʨʠ ʵʪʦʤ: 

;
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;
x

txxu
tgTBCAD

µ

D+µ
=a==  

 

ɽʩʣʠ ʩʯʠʪʘʪʴ ʢʦʣʝʙʘʥʠʷ ʤʘʣʳʤʠ, ʪʦ ʤʦʞʥʦ ʧʨʠʥʷʪʴ: 

aºa sintg  

ʊʦʛʜʘ ʧʨʦʝʢʮʠʷ ʩʠʣʳ BCʥʘ ʦʩʴ u: 

x

txxu
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D+µ
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sin  

ʇʨʦʝʢʮʠʷ ʩʠʣʳ AD  ʥʘ ʦʩʴ u: 

x

txu
T
µ

µ
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ʅʘʭʦʜʠʤ ʩʫʤʤʫ ʵʪʠʭ ʧʨʦʝʢʮʠʡ: 
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ɺʳʨʘʞʝʥʠʝ, ʩʪʦʷʱʝʝ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʧʦʣʫʯʝʥʦ ʚ ʨʝʟʫʣʴʪʘʪʝ 

ʧʨʠʤʝʥʝʥʠʷ ʪʝʦʨʝʤʳ ʃʘʛʨʘʥʞʘ ( ʩʤ. ʊʝʦʨʝʤʘ ʃʘʛʨʘʥʞʘ ) ʢ ʚʳʨʘʞʝʥʠʶ, ʩʪʦʷʱʝʤʫ 

ʩʣʝʚʘ. 

 ʇʨʦʠʟʚʝʜʝʥʠʝ ʤʘʩʩʳ ʥʘ ʫʩʢʦʨʝʥʠʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʵʣʝʤʝʥʪʘ ʩʪʨʫʥʳ ʨʘʚʥʦ: 

,
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t

txu
x
µ

µ
Dr  

ʛʜʝ r - ʧʣʦʪʥʦʩʪʴ ʩʪʨʫʥʳ. 

 ʇʨʠʨʘʚʥʠʚʘʷ ʧʦʣʫʯʝʥʥʦʝ ʚʳʨʘʞʝʥʠʝ ʢ ʟʥʘʯʝʥʠʶ ʧʨʦʝʢʮʠʠ ʩʠʣʳ, ʧʦʣʫʯʠʤ: 
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 ɼʣʷ ʧʦʣʥʦʛʦ ʦʧʨʝʜʝʣʝʥʠʷ ʜʚʠʞʝʥʠʷ ʩʪʨʫʥʳ ʧʦʣʫʯʝʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 

ʥʝʜʦʩʪʘʪʦʯʥʦ. ʌʫʥʢʮʠʷ u(x, t) ʜʦʣʞʥʘ ʝʱʝ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʛʨʘʥʠʯʥʳʤ ʫʩʣʦʚʠʷʤ, 

ʦʧʠʩʳʚʘʶʱʠʤ ʩʦʩʪʦʷʥʠʝ ʩʪʨʫʥʳ ʥʘ ʢʦʥʮʘʭ (ʚ ʪʦʯʢʘʭ x = a ʠ x = b) ʠ ʥʘʯʘʣʴʥʳʤ 

ʫʩʣʦʚʠʷʤ, ʦʧʠʩʳʚʘʶʱʠʤ ʩʦʩʪʦʷʥʠʝ ʩʪʨʫʥʳ ʚ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ t = 0. 

 ʉʦʚʦʢʫʧʥʦʩʪʴ ʛʨʘʥʠʯʥʳʭ ʠ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ ʥʘʟʳʚʘʝʪʩʷ ʢʨʘʝʚʳʤʠ 

ʫʩʣʦʚʠʷʤʠ. 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʟʘʜʘʯʘ ʂʦʰʠ ʩʦʩʪʦʠʪ ʚ ʥʘʭʦʞʜʝʥʠʠ ʨʝʰʝʥʠʷ ʣʠʥʝʡʥʦʛʦ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩ ʯʘʩʪʥʳʤʠ ʧʨʦʠʟʚʦʜʥʳʤʠ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʧʨʠ 

ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʷʭ  

),(
)0,(

),()0,( xF
t

xu
xfxu =

µ

µ
=  

ʠ ʢʨʘʝʚʳʭ ʫʩʣʦʚʠʷʭ 

0),(),0( == tlutu . 

 

 ʅʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ ʧʦʢʘʟʳʚʘʶʪ, ʚ ʢʘʢʦʤ ʧʦʣʦʞʝʥʠʠ ʥʘʭʦʜʠʪʩʷ ʩʪʨʫʥʘ ʚ 

ʥʘʯʘʣʴʥʳʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ ʠ ʩʢʦʨʦʩʪʴ ʢʘʞʜʦʡ ʝʝ ʪʦʯʢʠ ʚ ʥʘʯʘʣʴʥʳʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ. 

 ʌʫʥʢʮʠʠ f(x) ʠ F(x) ʟʘʜʘʥʳ. 

 ʂʨʘʝʚʳʝ ʫʩʣʦʚʠʷ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʢʦʥʮʳ ʩʪʨʫʥʳ ʟʘʢʨʝʧʣʝʥʳ ʚ ʪʦʯʢʘʭ a = 0, b = l 

 

 

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ ʤʝʪʦʜʦʤ ʨʘʟʜʝʣʝʥʠʷ ʧʝʨʝʤʝʥʥʳʭ. 

(ʄʝʪʦʜ ʌʫʨʴʝ.) 

 

ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ  
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ʙʫʜʝʤ ʠʩʢʘʪʴ ʚ ʚʠʜʝ )()(),( tTxXtxu =  ʧʨʠ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʷʭ: 

0;
0)()(

0)()0(
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í
ì
ë
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=
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tTlX

tTX
 

ʊʦʛʜʘ X(0) = X(l) = 0.  

ʇʦʜʩʪʘʚʠʤ ʨʝʰʝʥʠʝ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

;2 TXaTX ¡¡=¡¡  

;
1

2 X
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¡¡
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¡¡

 

ʄʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʠ ʍ ʠ ʊ ʠʤʝʶʪ ʚʠʜ: 
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ɺʩʝ ʨʝʰʝʥʠʷ ʠʩʭʦʜʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʝ ʛʨʘʥʠʯʥʳʤ 

ʫʩʣʦʚʠʷʤ, ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ: 
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ʆʢʦʥʯʘʪʝʣʴʥʦ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ ʢʦʣʝʙʘʥʠʡ ʩʪʨʫʥʳ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ: 
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ʛʜʝ ñ
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ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ ʤʝʪʦʜʦʤ ɼʘʣʘʤʙʝʨʘ. 

( ɾʘʥ ʃʝʨʦʥ ɼôʃʘʤʙʝʨ (1717 ï 1783) ï ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ) 

 

 ɺ ʩʣʫʯʘʝ ʝʩʣʠ ʜʣʠʥʘ ʩʪʨʫʥʳ ʦʯʝʥʴ ʚʝʣʠʢʘ, ʪʦ ʥʘ ʢʦʣʝʙʘʥʠʷ, ʚʦʟʥʠʢʘʶʱʠʝ ʚ 

ʩʝʨʝʜʠʥʝ ʩʪʨʫʥʳ, ʢʦʥʮʳ ʩʪʨʫʥʳ ʚʣʠʷʥʠʷ ʧʨʘʢʪʠʯʝʩʢʠ ʥʝ ʦʢʘʟʳʚʘʶʪ. ʇʦʵʪʦʤʫ, 

ʨʘʩʩʤʘʪʨʠʚʘʷ ʢʦʣʝʙʘʥʠʷ ʙʝʩʢʦʥʝʯʥʦʡ ʩʪʨʫʥʳ, ʫʨʘʚʥʝʥʠʝ 
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ʨʝʰʘʝʪʩʷ ʪʦʣʴʢʦ ʧʨʠ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʷʭ: 

)()0,(

)()0,(

xFxu

xfxu

t =¡

=
 

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʨʝʰʝʥʠʷ ʚʚʝʜʝʤ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ: 

.; atxatx +=b-=a  

ʊʦʛʜʘ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʨʠʥʠʤʘʝʪ ʚʠʜ: 

.0
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=
bµaµ

µu
 

ʈʝʰʝʥʠʝʤ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ ʬʫʥʢʮʠʷ )()( by+aj=u , ʛʜʝ j ʠ y - ʥʝʢʦʪʦʨʳʝ 

ʬʫʥʢʮʠʠ, ʢʦʪʦʨʳʝ ʙʫʜʝʤ ʩʯʠʪʘʪʴ ʜʚʘʞʜʳ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʤʠ. 

 

 ʇʦʣʫʯʘʝʤ: ).()(),( atxatxtxu +y+-j=  

ɽʩʣʠ ʧʨʦʜʠʬʬʝʨʝʥʮʠʨʦʚʘʪʴ ʧʦʣʫʯʝʥʥʳʡ ʦʪʚʝʪ, ʧʦʣʫʯʠʤ: 

)()( atxatxux +y¡+-j¡=¡  

)()( atxaatxaut +y¡+-j¡-=¡  

)()( atxatxuxx +y¡¡+-j¡¡=¡¡  

)()( 22 atxaatxautt +y¡¡+-j¡¡=¡¡  

ʊ.ʝ. ttxx uua ¡¡=¡¡2 . 

 ɼʘʣʝʝ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ ʥʘʭʦʜʠʤ ʬʫʥʢʮʠʠ j ʠ y. 

)()()(
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ʇʨʦʠʥʪʝʛʨʠʨʦʚʘʚ ʧʦʩʣʝʜʥʝʝ ʨʘʚʝʥʩʪʚʦ ʥʘ ʦʪʨʝʟʢʝ [0, x], ʧʦʣʫʯʘʝʤ: 
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ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʂʦʰʠ ʧʦʣʫʯʘʝʤ ʚ ʚʠʜʝ: 



66 

ññ
+-

+++--=+y+-j=

atxatx

dyyF
a

atxfdyyF
a

atxfatxatxtxu
00

)(
2

1
)(

2

1
)(

2

1
)(

2

1
)()(),(  

 

ñ
+

-

+
++-

=

atx

atx

dyyF
a

atxfatxf
txu .)(

2

1

2

)()(
),(  

 

ʕʪʘ ʬʦʨʤʫʣʘ ʥʘʟʳʚʘʝʪʩʷ ʬʦʨʤʫʣʦʡ ɼʘʣʘʤʙʝʨʘ. 

 

 

ʋʨʘʚʥʝʥʠʝ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ. 

 

 ʊʝʤʧʝʨʘʪʫʨʫ ʬʠʟʠʯʝʩʢʦʛʦ ʪʝʣʘ ʚ ʧʨʦʠʟʚʦʣʴʥʦʡ ʪʦʯʢʝ ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ (x, y, z) ʚ 

ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ t ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʬʫʥʢʮʠʠ: 

),,( zyxuu=  

ʉʦʩʪʘʚʠʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ: 

öö
÷

õ
ææ
ç

å

µ

µ
+

µ

µ
+

µ

µ
=

µ

µ
2

2

2

2

2

2
2

z

u

y

u

x

u
a

t

u
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zyx
 ʥʘʟʳʚʘʝʪʩʷ ʦʧʝʨʘʪʦʨʦʤ ʃʘʧʣʘʩʘ. 

ʊʦʛʜʘ ʩʦʩʪʘʚʣʝʥʥʦʝ ʥʘʤʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʨʠʥʠʤʘʝʪ ʚʠʜ:  

ua
dt

u
D=

µ 2  

ʠ ʥʘʟʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ. 

 

 ɺ ʢʘʯʝʩʪʚʝ ʯʘʩʪʥʳʭ ʩʣʫʯʘʝʚ ʨʘʩʩʤʘʪʨʠʚʘʶʪ: 
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 - ʫʨʘʚʥʝʥʠʝ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ ʥʘ ʧʣʦʩʢʦʩʪʠ. 

 

ɺ ʩʣʫʯʘʝ ʨʘʩʩʤʦʪʨʝʥʠʷ ʫʨʘʚʥʝʥʠʷ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ ʚ ʩʪʝʨʞʥʝ ʠʩʢʦʤʘʷ 

ʬʫʥʢʮʠʷ u(x, t) ʜʦʣʞʥʘ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʟʘʧʠʩʘʥʥʦʤʫ ʚʳʰʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʤʫ 

ʫʨʘʚʥʝʥʠʶ, ʥʘʯʘʣʴʥʦʤʫ ʫʩʣʦʚʠʶ )()0,( xfxu =  p¢¢x0 ʠ ʛʨʘʥʠʯʥʳʤ ʫʩʣʦʚʠʷʤ 

0,0),(),0( ²=p= ttutu . 

 

 ɺ ʨʝʟʫʣʴʪʘʪʝ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʤʝʪʦʜʦʤ ʌʫʨʴʝ ʧʦʣʫʯʠʤ: 
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0

1

.sin)(
2

;sin),(
22

ktdttfb

kxebtxu

k

k

tka

k

 

 

 ʆʪʤʝʪʠʤ, ʯʪʦ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʝ ʪʝʧʣʘ ʚ ʪʝʣʝ ʥʘʟʳʚʘʝʪʩʷ ʩʪʘʮʠʦʥʘʨʥʳʤ, ʝʩʣʠ 

ʬʫʥʢʮʠʷ u ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʚʨʝʤʝʥʠ t. 
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ʋʨʘʚʥʝʥʠʝ ʃʘʧʣʘʩʘ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ),,( zyxu ʥʘʟʳʚʘʝʪʩʷ ʛʘʨʤʦʥʠʯʝʩʢʦʡ ʥʘ ʦʙʣʘʩʪʠ s, ʝʩʣʠ 

ʦʥʘ ʠʤʝʝʪ ʥʝʧʨʝʨʳʚʥʳʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʥʘ ʦʙʣʘʩʪʠ s ʠ 

ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʩʣʦʚʠʶ 

0=Du , 

ʛʜʝ D - ʦʧʝʨʘʪʦʨ ʃʘʧʣʘʩʘ. 

 ʋʨʘʚʥʝʥʠʝ 0
2

2

2

2

2

2

=
µ

µ
+

µ

µ
+

µ

µ
=D

z

u

y

u

x

u
u  ʥʘʟʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ ʃʘʧʣʘʩʘ. 

 

 ɽʩʣʠ ʥʘ ʥʝʢʦʪʦʨʦʡ ʛʨʘʥʠʮʝ ɻ ʪʝʣʘ ʧʦʜʜʝʨʞʠʚʘʪʴ ʧʦʩʪʦʷʥʥʫʶ ʪʝʤʧʝʨʘʪʫʨʫ 

),,( zyxfuɻ= , ʛʜʝ f ï ʟʘʜʘʥʥʘʷ ʬʫʥʢʮʠʷ, ʪʦ ʚʥʫʪʨʠ ʪʝʣʘ ʫʩʪʘʥʦʚʠʪʩʷ ʝʜʠʥʩʪʚʝʥʥʘʷ 

ʧʦʩʪʦʷʥʥʘʷ ʪʝʤʧʝʨʘʪʫʨʘ. ʉ ʬʠʟʠʯʝʩʢʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ ʵʪʦ ʫʪʚʝʨʞʜʝʥʠʝ ʦʯʝʚʠʜʥʦ, 

ʦʜʥʘʢʦ, ʜʘʥʥʳʡ ʬʘʢʪ ʤʦʞʝʪ ʙʳʪʴ ʜʦʢʘʟʘʥ ʤʘʪʝʤʘʪʠʯʝʩʢʠ. 

 ʄʘʪʝʤʘʪʠʯʝʩʢʦʝ ʜʦʢʘʟʘʪʝʣʴʩʪʚʦ ʵʪʦʛʦ ʬʘʢʪʘ ʥʘʟʳʚʘʝʪʩʷ ʟʘʜʘʯʝʡ ɼʠʨʠʭʣʝ. 

(ʇʝʪʝʨ ɻʫʩʪʘʚ ɼʠʨʠʭʣʝ (1805 ï 1859) ï ʥʝʤʝʮʢʠʡ ʤʘʪʝʤʘʪʠʢ) 

 

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ɼʠʨʠʭʣʝ ʜʣʷ ʢʨʫʛʘ. 

 

 ʇʫʩʪʴ ʚ ʧʣʦʩʢʦʩʪʠ XOY ʠʤʝʝʪʩʷ ʢʨʫʛ ʨʘʜʠʫʩʘ R ʩ ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ ʠ 

ʥʘ ʝʛʦ ʦʢʨʫʞʥʦʩʪʠ ʟʘʜʘʥʘ ʬʫʥʢʮʠʷ f(j), ʛʜʝ j - ʧʦʣʷʨʥʳʡ ʫʛʦʣ. 

 ʊʨʝʙʫʝʪʩʷ ʥʘʡʪʠ ʬʫʥʢʮʠʶ ),( jru , ʢʦʪʦʨʘʷ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʨʘʚʥʝʥʠʶ ʃʘʧʣʘʩʘ 

0
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2

2

=
µ

µ
+

µ

µ

y

u

x

u
 

ʠ ʧʨʠ ).(j== fuRr  

 

 ɿʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʃʘʧʣʘʩʘ ʚ ʧʦʣʷʨʥʳʭ ʢʦʦʨʜʠʥʘʪʘʭ: 

0
11

2
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22
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jµ
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µ u

rr
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rr

u
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2 =

jµ

µ
+

µ
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µ

µ u
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u
r

r

u
r  

ʇʦʣʘʛʘʝʤ ).()( rRu jF=  ʇʦʜʩʪʘʚʣʷʷ ʵʪʦ ʩʦʦʪʥʦʰʝʥʠʝ ʚ ʫʨʘʚʥʝʥʠʝ ʃʘʧʣʘʩʘ, ʧʦʣʫʯʘʝʤ: 

0)()()()()()(2 =jF¡¡+¡jF+¡¡jF rRrRrrRr  

2
2

)(

)()(

)(

)(
k

rR

rRrrRr
-=

¡+¡¡
-=

jF

jF¡¡
 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʠʤʝʝʤ ʜʚʘ ʫʨʘʚʥʝʥʠʷ: 

0)()()(

0)()(

22

2

=-¡+¡¡

=jF+jF¡¡

rRkrRrrRr

k
 

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʧʝʨʚʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʤʝʝʪ ʚʠʜ: j+j=F kBkA sincos  

ʈʝʰʝʥʠʝ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʱʝʤ ʚ ʚʠʜʝ: mrR= . ʇʨʠ ʧʦʜʩʪʘʥʦʚʢʝ ʧʦʣʫʯʠʤ: 

0)1( 2122 =-+- -- mmm rkrmrrmmr  

022 =-km  

ʆʙʱʝʝ ʨʝʰʝʥʠʝ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʤʝʝʪ ʚʠʜ: kk DrCrR -+= . 

 



68 

 ʇʦʜʩʪʘʚʣʷʷ ʧʦʣʫʯʝʥʥʳʝ ʨʝʰʝʥʠʷ ʚ ʫʨʘʚʥʝʥʠʝ )()( rRu jF= , ʧʦʣʫʯʠʤ: 

))(sincos( k

k

k

kkkk rDrCkBkAu -+j+j=  

ʕʪʘ ʬʫʥʢʮʠʷ ʙʫʜʝʪ ʨʝʰʝʥʠʝʤ ʫʨʘʚʥʝʥʠʷ ʃʘʧʣʘʩʘ ʧʨʠ ʣʶʙʦʤ k  ̧0. 

 

 ɽʩʣʠ k = 0, ʪʦ 0;0 =¡+¡¡=F¡¡ RRr  ʩʣʝʜʦʚʘʪʝʣʴʥʦ )ln)(( 00000 rDCBAu +j+= . 

ʈʝʰʝʥʠʝ ʜʦʣʞʥʦ ʙʳʪʴ ʧʝʨʠʦʜʠʯʝʩʢʠʤ, ʪ.ʢ. ʦʜʥʦ ʠ ʪʦ ʞʝ ʟʥʘʯʝʥʠʝ ʙʫʜʝʪ ʧʦʚʪʦʨʷʪʴʩʷ 

ʯʝʨʝʟ 2p. (ʊʦʛʜʘ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʦʜʥʘ ʠ ʪʘ ʞʝ ʪʦʯʢʘ ʢʨʫʛʘ.) ʇʦʵʪʦʤʫ ɺ0 = 0. 

 ʈʝʰʝʥʠʝ ʜʦʣʞʥʦ ʙʳʪʴ ʢʦʥʝʯʥʳʤ ʠ ʥʝʧʨʝʨʳʚʥʳʤ, ʧʦʵʪʦʤʫ D0 = 0. 

 

ʆʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʘʝʤ: ä
¤

=

j+j+=j
1

0 )sincos(
2

),(
n

n

nn rnBnA
A

ru  

 

 

ʇʨʠ ʵʪʦʤ: ñ
p

p-
p
= ntdttf

R
A

nn cos)(
1

 

        ñ
p

p-
p
= ntdttf

R
B

nn sin)(
1

 

ɽʩʣʠ ʧʦʜʩʪʘʚʠʪʴ ʵʪʠ ʢʦʵʬʬʠʮʠʝʥʪʳ ʚ ʧʦʣʫʯʝʥʥʫʶ ʚʳʰʝ ʬʦʨʤʫʣʫ ʠ ʧʨʦʠʟʚʝʩʪʠ 

ʫʧʨʦʱʝʥʠʝ, ʧʦʣʫʯʘʝʤ ʦʢʦʥʯʘʪʝʣʴʥʳʡ ʨʝʟʫʣʴʪʘʪ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ɼʠʨʠʭʣʝ, ʢʦʪʦʨʳʡ 

ʥʘʟʳʚʘʝʪʩʷ ʠʥʪʝʛʨʘʣʦʤ ʇʫʘʩʩʦʥʘ. 

(ʉʠʤʝʦʥ ɼʝʥʠ ʇʫʘʩʩʦʥ (1781 ï 1840) ï ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ) 
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p
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p
=j dt

rtrRR

rR
tfru

22
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)cos(2
)(

2

1
),(  

 

 

 

 

 

ʈʷʜʳ. 

 

ʆʩʥʦʚʥʳʝ ʦʧʨʝʜʝʣʝʥʠʷ. 

 

 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʉʫʤʤʘ ʯʣʝʥʦʚ ʙʝʩʢʦʥʝʯʥʦʡ ʯʠʩʣʦʚʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

,...,...,, 21 nuuu  ʥʘʟʳʚʘʝʪʩʷ ʯʠʩʣʦʚʳʤ ʨʷʜʦʤ. 

ä
¤

=

=++++
1

21 ......
n

nn uuuu  

ʇʨʠ ʵʪʦʤ ʯʠʩʣʘ ,..., 21 uu  ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʯʣʝʥʘʤʠ ʨʷʜʘ, ʘ un ï ʦʙʱʠʤ ʯʣʝʥʦʤ ʨʷʜʘ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʉʫʤʤʳ ä
=

=+++=
n

k

knn uuuuS
1

21 ... ,     n = 1, 2, é ʥʘʟʳʚʘʶʪʩʷ 

ʯʘʩʪʥʳʤʠ (ʯʘʩʪʠʯʥʳʤʠ) ʩʫʤʤʘʤʠ ʨʷʜʘ. 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚʦʟʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʯʘʩʪʠʯʥʳʭ ʩʫʤʤ 

ʨʷʜʘ S1, S2, é,Sn, é 
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 ʆʧʨʝʜʝʣʝʥʠʝ. ʈʷʜ ä
¤

=

=++++
1

21 ......
n

nn uuuu  ʥʘʟʳʚʘʝʪʩʷ ʩʭʦʜʷʱʠʤʩʷ, ʝʩʣʠ 

ʩʭʦʜʠʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʝʛʦ ʯʘʩʪʥʳʭ ʩʫʤʤ. ʉʫʤʤʘ ʩʭʦʜʷʱʝʛʦʩʷ ʨʷʜʘ ï ʧʨʝʜʝʣ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʝʛʦ ʯʘʩʪʥʳʭ ʩʫʤʤ. 

.,lim
1

ä
¤

=

==
n

nn uSSS  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʘʩʪʥʳʭ ʩʫʤʤ ʨʷʜʘ ʨʘʩʭʦʜʠʪʩʷ, ʪ.ʝ. ʥʝ 

ʠʤʝʝʪ ʧʨʝʜʝʣʘ, ʠʣʠ ʠʤʝʝʪ ʙʝʩʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ, ʪʦ ʨʷʜ ʥʘʟʳʚʘʝʪʩʷ ʨʘʩʭʦʜʷʱʠʤʩʷ ʠ ʝʤʫ 

ʥʝ ʩʪʘʚʷʪ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʥʠʢʘʢʦʡ ʩʫʤʤʳ. 

 

ʉʚʦʡʩʪʚʘ ʨʷʜʦʚ. 

  

 1) ʉʭʦʜʠʤʦʩʪʴ ʠʣʠ ʨʘʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ʥʝ ʥʘʨʫʰʠʪʩʷ ʝʩʣʠ ʠʟʤʝʥʠʪʴ, ʦʪʙʨʦʩʠʪʴ 

ʠʣʠ ʜʦʙʘʚʠʪʴ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʯʣʝʥʦʚ ʨʷʜʘ. 

 2) ʈʘʩʩʤʦʪʨʠʤ ʜʚʘ ʨʷʜʘ ä nu  ʠ ä nCu , ʛʜʝ ʉ ï ʧʦʩʪʦʷʥʥʦʝ ʯʠʩʣʦ. 

 ʊʝʦʨʝʤʘ. ɽʩʣʠ ʨʷʜ ä nu ʩʭʦʜʠʪʩʷ ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ S, ʪʦ ʨʷʜ ä nCu ʪʦʞʝ 

ʩʭʦʜʠʪʩʷ, ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ ʉS. (C  ̧0) 

 

 3) ʈʘʩʩʤʦʪʨʠʤ ʜʚʘ ʨʷʜʘ ä nu ʠ ä nv . ʉʫʤʤʦʡ ʠʣʠ ʨʘʟʥʦʩʪʴʶ ʵʪʠʭ ʨʷʜʦʚ ʙʫʜʝʪ 

ʥʘʟʳʚʘʪʴʩʷ ʨʷʜ ä ° )( nn vu , ʛʜʝ ʵʣʝʤʝʥʪʳ ʧʦʣʫʯʝʥʳ ʚ ʨʝʟʫʣʴʪʘʪʝ ʩʣʦʞʝʥʠʷ (ʚʳʯʠʪʘʥʠʷ) 

ʠʩʭʦʜʥʳʭ ʵʣʝʤʝʥʪʦʚ ʩ ʦʜʠʥʘʢʦʚʳʤʠ ʥʦʤʝʨʘʤʠ. 

 ʊʝʦʨʝʤʘ. ɽʩʣʠ ʨʷʜʳ ä nu ʠ ä nv ʩʭʦʜʷʪʩʷ ʠ ʠʭ ʩʫʤʤʳ ʨʘʚʥʳ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ S 

ʠ s, ʪʦ ʨʷʜ ä ° )( nn vu  ʪʦʞʝ ʩʭʦʜʠʪʩʷ ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ S + s. 

ä ää s+=+=+ Svuvu nnnn )(  

ʈʘʟʥʦʩʪʴ ʜʚʫʭ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ ʪʘʢʞʝ ʙʫʜʝʪ ʩʭʦʜʷʱʠʤʩʷ ʨʷʜʦʤ. 

ʉʫʤʤʘ ʩʭʦʜʷʱʝʛʦʩʷ ʠ ʨʘʩʭʦʜʷʱʝʛʦʩʷ ʨʷʜʦʚ ʙʫʜʝʪ ʨʘʩʭʦʜʷʱʠʤʩʷ ʨʷʜʦʤ. 

ʆ ʩʫʤʤʝ ʜʚʫʭ ʨʘʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ ʦʙʱʝʛʦ ʫʪʚʝʨʞʜʝʥʠʷ ʩʜʝʣʘʪʴ ʥʝʣʴʟʷ. 

 

 ʇʨʠ ʠʟʫʯʝʥʠʠ ʨʷʜʦʚ ʨʝʰʘʶʪ ʚ ʦʩʥʦʚʥʦʤ ʜʚʝ ʟʘʜʘʯʠ: ʠʩʩʣʝʜʦʚʘʥʠʝ ʥʘ 

ʩʭʦʜʠʤʦʩʪʴ ʠ ʥʘʭʦʞʜʝʥʠʝ ʩʫʤʤʳ ʨʷʜʘ. 

 

 

ʂʨʠʪʝʨʠʡ ʂʦʰʠ. 

(ʥʝʦʙʭʦʜʠʤʳʝ ʠ ʜʦʩʪʘʪʦʯʥʳʝ ʫʩʣʦʚʠʷ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ) 

 

 ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ,...,...,, 21 naaa ʙʳʣʘ ʩʭʦʜʷʱʝʡʩʷ, 

ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʜʣʷ ʣʶʙʦʛʦ 0>e  ʩʫʱʝʩʪʚʦʚʘʣ ʪʘʢʦʡ ʥʦʤʝʨ N, ʯʪʦ 

ʧʨʠ n > N ʠ ʣʶʙʦʤ p > 0, ʛʜʝ ʨ ï ʮʝʣʦʝ ʯʠʩʣʦ, ʚʳʧʦʣʥʷʣʦʩʴ ʙʳ ʥʝʨʘʚʝʥʩʪʚʦ: 

e<-+ npn aa . 

 

 ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. (ʥʝʦʙʭʦʜʠʤʦʩʪʴ) 

ʇʫʩʪʴ aan , ʪʦʛʜʘ ʜʣʷ ʣʶʙʦʛʦ ʯʠʩʣʘ 0>e ʥʘʡʜʝʪʩʷ ʥʦʤʝʨ N ʪʘʢʦʡ, ʯʪʦ ʥʝʨʘʚʝʥʩʪʚʦ  



70 

2

e
<- naa  ʚʳʧʦʣʥʷʝʪʩʷ ʧʨʠ n>N. ʇʨʠ n>N ʠ ʣʶʙʦʤ ʮʝʣʦʤ p>0 ʚʳʧʦʣʥʷʝʪʩʷ ʪʘʢʞʝ 

ʥʝʨʘʚʝʥʩʪʚʦ 
2

e
<- +pnaa . ʋʯʠʪʳʚʘʷ ʦʙʘ ʥʝʨʘʚʝʥʩʪʚʘ, ʧʦʣʫʯʘʝʤ: 

e=
e
+
e
<-+-¢-+-=- +++

22
)()( npnnpnnpn aaaaaaaaaa  

ʅʝʦʙʭʦʜʠʤʦʩʪʴ ʜʦʢʘʟʘʥʘ. ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʜʦʩʪʘʪʦʯʥʦʩʪʠ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʥʝ ʙʫʜʝʤ. 

 ʉʬʦʨʤʫʣʠʨʫʝʤ ʢʨʠʪʝʨʠʡ ʂʦʰʠ ʜʣʷ ʨʷʜʘ. 

 

 ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʨʷʜ ä
¤

=

=++++
1

21 ......
n

nn uuuu ʙʳʣ ʩʭʦʜʷʱʠʤʩʷ ʥʝʦʙʭʦʜʠʤʦ ʠ 

ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʜʣʷ ʣʶʙʦʛʦ 0>e  ʩʫʱʝʩʪʚʦʚʘʣ ʥʦʤʝʨ N ʪʘʢʦʡ, ʯʪʦ ʧʨʠ n>N ʠ 

ʣʶʙʦʤ p>0 ʚʳʧʦʣʥʷʣʦʩʴ ʙʳ ʥʝʨʘʚʝʥʩʪʚʦ 

e<+++ +++ pnnn uuu ...21 . 

 

 ʆʜʥʘʢʦ, ʥʘ ʧʨʘʢʪʠʢʝ ʠʩʧʦʣʴʟʦʚʘʪʴ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʢʨʠʪʝʨʠʡ ʂʦʰʠ ʥʝ ʦʯʝʥʴ 

ʫʜʦʙʥʦ. ʇʦʵʪʦʤʫ ʢʘʢ ʧʨʘʚʠʣʦ ʠʩʧʦʣʴʟʫʶʪʩʷ ʙʦʣʝʝ ʧʨʦʩʪʳʝ ʧʨʠʟʥʘʢʠ ʩʭʦʜʠʤʦʩʪʠ: 

 

 1) ɽʩʣʠ ʨʷʜ ä nu ʩʭʦʜʠʪʩʷ, ʪʦ ʥʝʦʙʭʦʜʠʤʦ, ʯʪʦʙʳ ʦʙʱʠʡ ʯʣʝʥ un ʩʪʨʝʤʠʣʩʷ ʢ 

ʥʫʣʶ. ʆʜʥʘʢʦ, ʵʪʦ ʫʩʣʦʚʠʝ ʥʝ ʷʚʣʷʝʪʩʷ ʜʦʩʪʘʪʦʯʥʳʤ. ʄʦʞʥʦ ʛʦʚʦʨʠʪʴ ʪʦʣʴʢʦ ʦ ʪʦʤ, 

ʯʪʦ ʝʩʣʠ ʦʙʱʠʡ ʯʣʝʥ ʥʝ ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ, ʪʦ ʨʷʜ ʪʦʯʥʦ ʨʘʩʭʦʜʠʪʩʷ. ʅʘʧʨʠʤʝʨ, ʪʘʢ 

ʥʘʟʳʚʘʝʤʳʡ ʛʘʨʤʦʥʠʯʝʩʢʠʡ ʨʷʜ ä
¤

=1

1

n n
 ʷʚʣʷʝʪʩʷ ʨʘʩʭʦʜʷʱʠʤʩʷ, ʭʦʪʷ ʝʛʦ ʦʙʱʠʡ ʯʣʝʥ ʠ 

ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ. 

 

 ʇʨʠʤʝʨ. ʀʩʩʣʝʜʦʚʘʪʴ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ...
13

...
8

3

5

2

2

1
+

-
++++

n

n
 

ʅʘʡʜʝʤ 0
3

1

1
3

1
lim

13
lim ¸=

-

=
- ¤¤

n

n

n

nn
 - ʥʝʦʙʭʦʜʠʤʳʡ ʧʨʠʟʥʘʢ ʩʭʦʜʠʤʦʩʪʠ ʥʝ 

ʚʳʧʦʣʥʷʝʪʩʷ, ʟʥʘʯʠʪ ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ. 

 

 2) ɽʩʣʠ ʨʷʜ ʩʭʦʜʠʪʩʷ, ʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʝʛʦ ʯʘʩʪʥʳʭ ʩʫʤʤ ʦʛʨʘʥʠʯʝʥʘ. 

ʆʜʥʘʢʦ, ʵʪʦʪ ʧʨʠʟʥʘʢ ʪʘʢʞʝ ʥʝ ʷʚʣʷʝʪʩʷ ʜʦʩʪʘʪʦʯʥʳʤ. 

ʅʘʧʨʠʤʝʨ, ʨʷʜ 1-1+1-1+1-1+ é +(-1)
n+1
+é ʨʘʩʭʦʜʠʪʩʷ, ʪ.ʢ. ʨʘʩʭʦʜʠʪʩʷ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʝʛʦ ʯʘʩʪʥʳʭ ʩʫʤʤ ʚ ʩʠʣʫ ʪʦʛʦ, ʯʪʦ 

í
ì
ë
=

nʥʝʯʝʪʥʳʭʧʨʠ

nʯʝʪʥʳʭʧʨʠ
Sn

,1

,0
 

 ʆʜʥʘʢʦ, ʧʨʠ ʵʪʦʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʘʩʪʥʳʭ ʩʫʤʤ ʦʛʨʘʥʠʯʝʥʘ, ʪ.ʢ. 2<nS  

ʧʨʠ ʣʶʙʦʤ n. 

 

 

ʈʷʜʳ ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ. 

 

 ʇʨʠ ʠʟʫʯʝʥʠʠ ʟʥʘʢʦʧʦʩʪʦʷʥʥʳʭ ʨʷʜʦʚ ʦʛʨʘʥʠʯʠʤʩʷ ʨʘʩʩʤʦʪʨʝʥʠʝʤ ʨʷʜʦʚ ʩ 

ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ, ʪ.ʢ. ʧʨʠ ʧʨʦʩʪʦʤ ʫʤʥʦʞʝʥʠʠ ʥʘ ï1 ʠʟ ʵʪʠʭ ʨʷʜʦʚ ʤʦʞʥʦ 

ʧʦʣʫʯʠʪʴ ʨʷʜʳ ʩ ʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ. 
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 ʊʝʦʨʝʤʘ. ɼʣʷ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ä nu ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ ʥʝʦʙʭʦʜʠʤʦ 

ʠ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʯʘʩʪʥʳʝ ʩʫʤʤʳ ʨʷʜʘ ʙʳʣʠ ʦʛʨʘʥʠʯʝʥʳ. 

 

ʇʨʠʟʥʘʢ ʩʨʘʚʥʝʥʠʷ ʨʷʜʦʚ ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ. 

 

ʇʫʩʪʴ ʜʘʥʳ ʜʚʘ ʨʷʜʘ ä nu  ʠ ä nv   ʧʨʠ un, vn ² 0. 

  

 ʊʝʦʨʝʤʘ. ɽʩʣʠ un ¢ vn ʧʨʠ ʣʶʙʦʤ n, ʪʦ ʠʟ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ä nv ʩʣʝʜʫʝʪ 

ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ä nu , ʘ ʠʟ ʨʘʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ä nu ʩʣʝʜʫʝʪ ʨʘʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ä nv . 

 

 ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ Sn ʠ sn ʯʘʩʪʥʳʝ ʩʫʤʤʳ ʨʷʜʦʚ ä nu  ʠ ä nv . 

ʊ.ʢ. ʧʦ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ ʨʷʜ ä nv ʩʭʦʜʠʪʩʷ, ʪʦ ʝʛʦ ʯʘʩʪʥʳʝ ʩʫʤʤʳ ʦʛʨʘʥʠʯʝʥʳ, ʪ.ʝ. 

ʧʨʠ ʚʩʝʭ n sn < M, ʛʜʝ ʄ ï ʥʝʢʦʪʦʨʦʝ ʯʠʩʣʦ. ʅʦ ʪ.ʢ. un ¢ vn, ʪʦ Sn ¢ sn ʪʦ ʯʘʩʪʥʳʝ ʩʫʤʤʳ 

ʨʷʜʘ ä nu ʪʦʞʝ ʦʛʨʘʥʠʯʝʥʳ, ʘ ʵʪʦʛʦ ʜʦʩʪʘʪʦʯʥʦ ʜʣʷ ʩʭʦʜʠʤʦʩʪʠ. 

 

 ʇʨʠʤʝʨ.  ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ ...
ln

1
...

3ln

1

2ln

1
++++

n
 

ʊ.ʢ. 
nn

1

ln

1
> , ʘ ʛʘʨʤʦʥʠʯʝʩʢʠʡ ʨʷʜ ä

n

1
 ʨʘʩʭʦʜʠʪʩʷ, ʪʦ ʨʘʩʭʦʜʠʪʩʷ ʠ ʨʷʜ ä

nln

1
. 

 

 ʇʨʠʤʝʨ. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ ä
¤

=1

.
2

1

n
nn

 

ʊ.ʢ. 
nnn 2

1

2

1
< , ʘ ʨʷʜ ä n2

1
 ʩʭʦʜʠʪʩʷ ( ʢʘʢ ʫʙʳʚʘʶʱʘʷ ʛʝʦʤʝʪʨʠʯʝʩʢʘʷ ʧʨʦʛʨʝʩʩʠʷ), ʪʦ 

ʨʷʜ ä
¤

=1 2

1

n
nn

 ʪʦʞʝ ʩʭʦʜʠʪʩʷ. 

 

 ʊʘʢʞʝ ʠʩʧʦʣʴʟʫʝʪʩʷ ʩʣʝʜʫʶʱʠʡ ʧʨʠʟʥʘʢ ʩʭʦʜʠʤʦʩʪʠ: 

ʊʝʦʨʝʤʘ. ɽʩʣʠ 0,0 >> nn vu  ʠ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ h
v

u

n

n

n
=

¤
lim , ʛʜʝ h ï ʯʠʩʣʦ, 

ʦʪʣʠʯʥʦʝ ʦʪ ʥʫʣʷ, ʪʦ ʨʷʜʳ ä nu  ʠ ä nv ʚʝʜʫʪ ʦʜʠʥʘʢʦʚʦ ʚ ʩʤʳʩʣʝ ʩʭʦʜʠʤʦʩʪʠ. 

 

 

ʇʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ. 

(ɾʘʥ ʃʝʨʦʥ ɼʘʣʘʤʙʝʨ (1717 ï 1783) ï ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ) 

 

 ɽʩʣʠ ʜʣʷ ʨʷʜʘ ä nu  ʩ ʧʦʣʦʞʠʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ ʯʠʩʣʦ q<1, 

ʯʪʦ ʜʣʷ ʚʩʝʭ ʜʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʠʭ n ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ  

,1 q
u

u

n

n ¢+  

ʪʦ ʨʷʜ ä nu  ʩʭʦʜʠʪʩʷ, ʝʩʣʠ ʞʝ ʜʣʷ ʚʩʝʭ ʜʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʠʭ n ʚʳʧʦʣʥʷʝʪʩʷ ʫʩʣʦʚʠʝ 

,11 ²+

n

n

u

u
 

ʪʦ ʨʷʜ ä nu  ʨʘʩʭʦʜʠʪʩʷ. 
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ʇʨʝʜʝʣʴʥʳʡ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ. 

 

 ʇʨʝʜʝʣʴʥʳʡ ʧʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ ʷʚʣʷʝʪʩʷ ʩʣʝʜʩʪʚʠʝʤ ʠʟ ʧʨʠʚʝʜʝʥʥʦʛʦ ʚʳʰʝ 

ʧʨʠʟʥʘʢʘ ɼʘʣʘʤʙʝʨʘ. 

 ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ r=+

¤
n

n

n u

u 1lim , ʪʦ ʧʨʠ r < 1 ʨʜ̫ ʩʭʦʜʠʪʩʷ, ʘ ʧʨʠ r > 1 ï 

ʨʘʩʭʦʜʠʪʩʷ. ɽʩʣʠ r = 1, ʪʦ ʥʘ ʚʦʧʨʦʩ ʦ ʩʭʦʜʠʤʦʩʪʠ ʦʪʚʝʪʠʪʴ ʥʝʣʴʟʷ. 

 

 

 ʇʨʠʤʝʨ. ʆʧʨʝʜʝʣʠʪʴ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ä
¤

=1 2n
n

n
. 

1
2

1

2

1
1

2

1

2

2)1(
limlim;

2

1
;

2 1

1

11 <=

+

=
+

=
+

=
+

==
+¤

+

¤++

n

n

n

n

n

u

un
u

n
u

n

n

n
n

n

nnnnn  

ɺʳʚʦʜ: ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

 

 ʇʨʠʤʝʨ. ʆʧʨʝʜʝʣʠʪʴ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ...
!

1
...

!2

1

!1

1
1 +++++

n
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1
lim

)!1(

!
limlim;

)!1(

1
;

!

1 1

1 <=
+

=
+

=
+

==
¤¤

+

¤
+

nn

n

u

u

n
u

n
u

nn
n

n

n
nn  

ɺʳʚʦʜ: ʨʷʜ ʩʭʦʜʠʪʩʷ. 

 

 

ʇʨʠʟʥʘʢ ʂʦʰʠ. (ʨʘʜʠʢʘʣʴʥʳʡ ʧʨʠʟʥʘʢ) 

 

 ɽʩʣʠ ʜʣʷ ʨʷʜʘ ä nu ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ ʯʠʩʣʦ 

q<1, ʯʪʦ ʜʣʷ ʚʩʝʭ ʜʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʠʭ n ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 

qun
n ¢ , 

ʪʦ ʨʷʜ ä nu ʩʭʦʜʠʪʩʷ, ʝʩʣʠ ʞʝ ʜʣʷ ʚʩʝʭ ʜʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʠʭ n ʚʳʧʦʣʥʷʝʪʩʷ 

ʥʝʨʘʚʝʥʩʪʚʦ 

,1²n
nu  

ʪʦ ʨʷʜ ä nu ʨʘʩʭʦʜʠʪʩʷ. 

 

 

 ʉʣʝʜʩʪʚʠʝ. ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ r=
¤

n
n

n
ulim , ʪʦ ʧʨʠ r<1 ʨʷʜ ʩʭʦʜʠʪʩʷ, ʘ ʧʨʠ 

r>1 ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ. 

 

 ʇʨʠʤʝʨ. ʆʧʨʝʜʝʣʠʪʴ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ä
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ɺʳʚʦʜ: ʨʷʜ ʩʭʦʜʠʪʩʷ. 
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 ʇʨʠʤʝʨ. ʆʧʨʝʜʝʣʠʪʴ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ ä
¤

=

ö
÷

õ
æ
ç

å
+

1

1
1

n

n

n
. 

.1
1

1limlim =ö
÷

õ
æ
ç

å
+=

¤¤ n
u

n

n
n

n
 

ʊ.ʝ. ʧʨʠʟʥʘʢ ʂʦʰʠ ʥʝ ʜʘʝʪ ʦʪʚʝʪʘ ʥʘ ʚʦʧʨʦʩ ʦ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ. ʇʨʦʚʝʨʠʤ ʚʳʧʦʣʥʝʥʠʝ 

ʥʝʦʙʭʦʜʠʤʳʭ ʫʩʣʦʚʠʡ ʩʭʦʜʠʤʦʩʪʠ. ʂʘʢ ʙʳʣʦ ʩʢʘʟʘʥʦ ʚʳʰʝ, ʝʩʣʠ ʨʷʜ ʩʭʦʜʠʪʩʷ, ʪʦ 

ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ. 
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1limlim ¸=ö
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õ
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ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʩʭʦʜʠʤʦʩʪʠ ʥʝ ʚʳʧʦʣʥʷʝʪʩʷ, ʟʥʘʯʠʪ, ʨʷʜ 

ʨʘʩʭʦʜʠʪʩʷ. 

 

 

ʀʥʪʝʛʨʘʣʴʥʳʡ ʧʨʠʟʥʘʢ ʂʦʰʠ. 

 

 ɽʩʣʠ j(ʭ) ï ʥʝʧʨʝʨʳʚʥʘʷ ʧʦʣʦʞʠʪʝʣʴʥʘʷ ʬʫʥʢʮʠʷ, ʫʙʳʚʘʶʱʘʷ ʥʘ ʧʨʦʤʝʞʫʪʢʝ 

[1;¤), ʪʦ ʨʷʜ j(1) + j(2) + é+ j(n) + é = ä
¤

=

j
1

)(
n

n  ʠ ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ñ
¤

j
1

)( dxx  

ʦʜʠʥʘʢʦʚʳ ʚ ʩʤʳʩʣʝ ʩʭʦʜʠʤʦʩʪʠ. 

 

 

 ʇʨʠʤʝʨ. ʈʷʜ ...
1

...
3

1

2

1
1 +++++

aaa n
 ʩʭʦʜʠʪʩʷ ʧʨʠ a>1 ʠ ʨʘʩʭʦʜʠʪʩʷ a¢1 ʪ.ʢ. 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ ñ
¤

a

1
x

dx
 ʩʭʦʜʠʪʩʷ ʧʨʠ a>1 ʠ ʨʘʩʭʦʜʠʪʩʷ a¢1. 

ʈʷʜ ä
¤

=
a

1

1

n n
 ʥʘʟʳʚʘʝʪʩʷ ʦʙʱʝʛʘʨʤʦʥʠʯʝʩʢʠʤ ʨʷʜʦʤ. 

 

 ʉʣʝʜʩʪʚʠʝ. ɽʩʣʠ f(x) ʠ j(ʭ) ï ʥʝʧʨʝʨʳʚʥʳʝ ʬʫʥʢʮʠʠ ʥʘ ʠʥʪʝʨʚʘʣʝ (a, b] ʠ 

,0,
)(

)(
lim

0
¸=

j+
hh

x

xf

ax
 ʪʦ ʠʥʪʝʛʨʘʣʳ ñ

b

a

dxxf )(  ʠ ñj
b

a

dxx)(  ʚʝʜʫʪ ʩʝʙʷ ʦʜʠʥʘʢʦʚʦ ʚ ʩʤʳʩʣʝ 

ʩʭʦʜʠʤʦʩʪʠ. 

 

 

 ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʢʦʤʧʴʶʪʝʨʥʦʡ ʚʝʨʩʠʠ ñʂʫʨʩʘ ʚʳʩʰʝʡ ʤʘʪʝʤʘʪʠʢʠò 

ʚʦʟʤʦʞʥʦ ʟʘʧʫʩʪʠʪʴ ʧʨʦʛʨʘʤʤʫ, ʠʩʩʣʝʜʫʶʱʫʶ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʯʠʩʣʦʚʳʝ ʨʷʜʳ ʧʦ ʚʩʝʤ 

ʨʘʩʩʤʦʪʨʝʥʥʳʤ ʚʳʰʝ ʧʨʠʟʥʘʢʘʤ. ɼʦʩʪʘʪʦʯʥʦ ʚʚʝʩʪʠ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʠ ʥʘʞʘʪʴ Enter. 

ɺʩʝ ʧʨʠʟʥʘʢʠ ʙʫʜʫʪ ʧʨʦʚʝʨʷʪʴʩʷ ʧʦ ʦʯʝʨʝʜʠ. 

 ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʜʚʘʞʜʳ ʱʝʣʢʥʠʪʝ ʥʘ ʟʥʘʯʢʝ: 

 ʇʨʠʤʝʯʘʥʠʝ:  ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʥʝʦʙʭʦʜʠʤʦ ʯʪʦʙʳ ʥʘ ʢʦʤʧʴʶʪʝʨʝ ʙʳʣʘ 

ʫʩʪʘʥʦʚʣʝʥʘ ʧʨʦʛʨʘʤʤʘ Maple (Ò Waterloo Maple Inc.) ʣʶʙʦʡ ʚʝʨʩʠʠ, ʥʘʯʠʥʘʷ ʩ Maple 

V Release 4. 
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ɿʥʘʢʦʧʝʨʝʤʝʥʥʳʝ ʨʷʜʳ. 

 

ɿʥʘʢʦʯʝʨʝʜʫʶʱʠʝʩʷ ʨʷʜʳ. 

 

 ɿʥʘʢʦʯʝʨʝʜʫʶʱʠʡʩʷ ʨʷʜ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ: 

...)1(... 1

4321 +-++-+- +

n

n uuuuu  

ʛʜʝ ,...3,2,1,0 => nun  

 

ʇʨʠʟʥʘʢ ʃʝʡʙʥʠʮʘ. 

 ɽʩʣʠ ʫ ʟʥʘʢʦʯʝʨʝʜʫʶʱʝʛʦʩʷ ʨʷʜʘ ...)1(... 1

4321 +-++-+- +

n

n uuuuu  ʘʙʩʦʣʶʪʥʳʝ 

ʚʝʣʠʯʠʥʳ ui ʫʙʳʚʘʶʪ ...321 >>> uuu  ʠ ʦʙʱʠʡ ʯʣʝʥ ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ 0nu , ʪʦ ʨʷʜ 

ʩʭʦʜʠʪʩʷ. 

ɸʙʩʦʣʶʪʥʘʷ ʠ ʫʩʣʦʚʥʘʷ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʦʚ. 

 

 ʈʘʩʩʤʦʪʨʠʤ ʥʝʢʦʪʦʨʳʡ ʟʥʘʢʦʧʝʨʝʤʝʥʥʳʡ ʨʷʜ (ʩ ʯʣʝʥʘʤʠ ʧʨʦʠʟʚʦʣʴʥʳʭ ʟʥʘʢʦʚ). 

                                                     ä
¤

=

=++++
1

21 ......
n

nn uuuu                                                (1) 

ʠ ʨʷʜ, ʩʦʩʪʘʚʣʝʥʥʳʡ ʠʟ ʘʙʩʦʣʶʪʥʳʭ ʚʝʣʠʯʠʥ ʯʣʝʥʦʚ ʨʷʜʘ (1): 

                                                   ä
¤

=

=++++
1

21 ......
n

nn uuuu                                              (2) 

 

 ʊʝʦʨʝʤʘ. ʀʟ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ (2) ʩʣʝʜʫʝʪ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ (1). 

 

 ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʈʷʜ (2) ʷʚʣʷʝʪʩʷ ʨʷʜʦʤ ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ. ɽʩʣʠ ʨʷʜ 

(2) ʩʭʦʜʠʪʩʷ, ʪʦ ʧʦ ʢʨʠʪʝʨʠʶ ʂʦʰʠ ʜʣʷ ʣʶʙʦʛʦ e>0 ʩʫʱʝʩʪʚʫʝʪ ʯʠʩʣʦ N, ʪʘʢʦʝ, ʯʪʦ ʧʨʠ 

n>N ʠ ʣʶʙʦʤ ʮʝʣʦʤ p>0 ʚʝʨʥʦ ʥʝʨʘʚʝʥʩʪʚʦ: 

e<+++ +++ pnnn uuu ...21  

 ʇʦ ʩʚʦʡʩʪʚʫ ʘʙʩʦʣʶʪʥʳʭ ʚʝʣʠʯʠʥ: 

e<+++¢+++ ++++++ pnnnpnnn uuuuuu ...... 2121  

e<+++ +++ pnnn uuu ...21  

ʊʦ ʝʩʪʴ ʧʦ ʢʨʠʪʝʨʠʶ ʂʦʰʠ ʠʟ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ (2) ʩʣʝʜʫʝʪ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜʘ (1). 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʈʷʜ ä nu ʥʘʟʳʚʘʝʪʩʷ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʷʱʠʤʩʷ, ʝʩʣʠ ʩʭʦʜʠʪʩʷ ʨʷʜ 

ä nu . 

 ʆʯʝʚʠʜʥʦ, ʯʪʦ ʜʣʷ ʟʥʘʢʦʧʦʩʪʦʷʥʥʳʭ ʨʷʜʦʚ ʧʦʥʷʪʠʷ ʩʭʦʜʠʤʦʩʪʠ ʠ ʘʙʩʦʣʶʪʥʦʡ 

ʩʭʦʜʠʤʦʩʪʠ ʩʦʚʧʘʜʘʶʪ. 

 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʈʷʜ ä nu ʥʘʟʳʚʘʝʪʩʷ ʫʩʣʦʚʥʦ ʩʭʦʜʷʱʠʤʩʷ, ʝʩʣʠ ʦʥ ʩʭʦʜʠʪʩʷ, ʘ  

ʨʷʜ ä nu  ʨʘʩʭʦʜʠʪʩʷ. 

 

 

ʇʨʠʟʥʘʢʠ ɼʘʣʘʤʙʝʨʘ ʠ ʂʦʰʠ ʜʣʷ ʟʥʘʢʦʧʝʨʝʤʝʥʥʳʭ ʨʷʜʦʚ. 

 

ʇʫʩʪʴ ä nu - ʟʥʘʢʦʧʝʨʝʤʝʥʥʳʡ ʨʷʜ. 
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 ʇʨʠʟʥʘʢ ɼʘʣʘʤʙʝʨʘ.  ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ r=+

¤
n

n

n u

u 1lim , ʪʦ ʧʨʠ r<1 ʨʷʜ 

ä nu  ʙʫʜʝʪ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʷʱʠʤʩʷ, ʘ ʧʨʠ r>1 ʨʷʜ ʙʫʜʝʪ ʨʘʩʭʦʜʷʱʠʤʩʷ. ʇʨʠ r=1 

ʧʨʠʟʥʘʢ ʥʝ ʜʘʝʪ ʦʪʚʝʪʘ ʦ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ. 

 

 ʇʨʠʟʥʘʢ ʂʦʰʠ.  ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ r=
¤

n
n

n
ulim , ʪʦ ʧʨʠ r<1 ʨʷʜ ä nu  

ʙʫʜʝʪ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʷʱʠʤʩʷ, ʘ ʧʨʠ r>1 ʨʷʜ ʙʫʜʝʪ ʨʘʩʭʦʜʷʱʠʤʩʷ. ʇʨʠ r=1 ʧʨʠʟʥʘʢ ʥʝ 

ʜʘʝʪ ʦʪʚʝʪʘ ʦ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ. 

 

  

 

ʉʚʦʡʩʪʚʘ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ. 

 

 1) ʊʝʦʨʝʤʘ. ɼʣʷ ʘʙʩʦʣʶʪʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ä nu ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ, 

ʯʪʦʙʳ ʝʛʦ ʤʦʞʥʦ ʙʳʣʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʨʘʟʥʦʩʪʠ ʜʚʫʭ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ ʩ 

ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ. 

 

 ʉʣʝʜʩʪʚʠʝ. ʋʩʣʦʚʥʦ ʩʭʦʜʷʱʠʡʩʷ ʨʷʜ ʷʚʣʷʝʪʩʷ ʨʘʟʥʦʩʪʴʶ ʜʚʫʭ ʨʘʩʭʦʜʷʱʠʭʩʷ 

ʨʷʜʦʚ ʩ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʩʪʨʝʤʷʱʠʤʠʩʷ ʢ ʥʫʣʶ ʯʣʝʥʘʤʠ. 

 

 2) ɺ ʩʭʦʜʷʱʝʤʩʷ ʨʷʜʝ ʣʶʙʘʷ ʛʨʫʧʧʠʨʦʚʢʘ ʯʣʝʥʦʚ ʨʷʜʘ, ʥʝ ʠʟʤʝʥʷʶʱʘʷ ʠʭ 

ʧʦʨʷʜʢʘ, ʩʦʭʨʘʥʷʝʪ ʩʭʦʜʠʤʦʩʪʴ ʠ ʚʝʣʠʯʠʥʫ ʨʷʜʘ. 

 

3) ɽʩʣʠ ʨʷʜ ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ, ʪʦ ʨʷʜ, ʧʦʣʫʯʝʥʥʳʡ ʠʟ ʥʝʛʦ ʣʶʙʦʡ 

ʧʝʨʝʩʪʘʥʦʚʢʦʡ ʯʣʝʥʦʚ, ʪʘʢʞʝ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ ʠ ʠʤʝʝʪ ʪʫ ʞʝ ʩʫʤʤʫ. 

 

ʇʝʨʝʩʪʘʥʦʚʢʦʡ ʯʣʝʥʦʚ ʫʩʣʦʚʥʦ ʩʭʦʜʷʱʝʛʦʩʷ ʨʷʜʘ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʫʩʣʦʚʥʦ 

ʩʭʦʜʷʱʠʡʩʷ ʨʷʜ, ʠʤʝʶʱʠʡ ʣʶʙʫʶ ʥʘʧʝʨʝʜ ʟʘʜʘʥʥʫʶ ʩʫʤʤʫ, ʠ ʜʘʞʝ ʨʘʩʭʦʜʷʱʠʡʩʷ ʨʷʜ. 

 

 4) ʊʝʦʨʝʤʘ. ʇʨʠ ʣʶʙʦʡ ʛʨʫʧʧʠʨʦʚʢʝ ʯʣʝʥʦʚ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʷʱʝʛʦʩʷ ʨʷʜʘ (ʧʨʠ 

ʵʪʦʤ ʯʠʩʣʦ ʛʨʫʧʧ ʤʦʞʝʪ ʙʳʪʴ ʢʘʢ ʢʦʥʝʯʥʳʤ, ʪʘʢ ʠ ʙʝʩʢʦʥʝʯʥʳʤ ʠ ʯʠʩʣʦ ʯʣʝʥʦʚ ʚ 

ʛʨʫʧʧʝ ʤʦʞʝʪ ʙʳʪʴ ʢʘʢ ʢʦʥʝʯʥʳʤ, ʪʘʢ ʠ ʙʝʩʢʦʥʝʯʥʳʤ) ʧʦʣʫʯʘʝʪʩʷ ʩʭʦʜʷʱʠʡʩʷ ʨʷʜ, 

ʩʫʤʤʘ ʢʦʪʦʨʦʛʦ ʨʘʚʥʘ ʩʫʤʤʝ ʠʩʭʦʜʥʦʛʦ ʨʷʜʘ. 

 

 5) ɽʩʣʠ ʨʷʜʳ ä
¤

=1n

nu ʠ ä
¤

=1n

nv  ʩʭʦʜʷʪʩʷ ʘʙʩʦʣʶʪʥʦ ʠ ʠʭ ʩʫʤʤʳ ʨʘʚʥʳ 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ S ʠ s, ʪʦ ʨʷʜ, ʩʦʩʪʘʚʣʝʥʥʳʡ ʠʟ ʚʩʝʭ ʧʨʦʠʟʚʝʜʝʥʠʡ ʚʠʜʘ 

,...2,1,, =kivu ki  ʚʟʷʪʳʭ ʚ ʢʘʢʦʤ ʫʛʦʜʥʦ ʧʦʨʷʜʢʝ, ʪʘʢʞʝ ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ ʠ ʝʛʦ 

ʩʫʤʤʘ ʨʘʚʥʘ SÖs - ʧʨʦʠʟʚʝʜʝʥʠʶ ʩʫʤʤ ʧʝʨʝʤʥʦʞʘʝʤʳʭ ʨʷʜʦʚ. 

 ɽʩʣʠ ʞʝ ʧʨʦʠʟʚʦʜʠʪʴ ʧʝʨʝʤʥʦʞʝʥʠʝ ʫʩʣʦʚʥʦ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ, ʪʦ ʚ ʨʝʟʫʣʴʪʘʪʝ 

ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʨʘʩʭʦʜʷʱʠʡʩʷ ʨʷʜ. 

 

 

ʌʫʥʢʮʠʦʥʘʣʴʥʳʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ ʯʣʝʥʘʤʠ ʨʷʜʘ ʙʫʜʫʪ ʥʝ ʯʠʩʣʘ, ʘ ʬʫʥʢʮʠʠ ʦʪ ʭ, ʪʦ ʨʷʜ 

ʥʘʟʳʚʘʝʪʩʷ ʬʫʥʢʮʠʦʥʘʣʴʥʳʤ. 
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 ʀʩʩʣʝʜʦʚʘʥʠʝ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʬʫʥʢʮʠʦʥʘʣʴʥʳʭ ʨʷʜʦʚ ʩʣʦʞʥʝʝ ʠʩʩʣʝʜʦʚʘʥʠʷ 

ʯʠʩʣʦʚʳʭ ʨʷʜʦʚ. ʆʜʠʥ ʠ ʪʦʪ ʞʝ ʬʫʥʢʮʠʦʥʘʣʴʥʳʡ ʨʷʜ ʤʦʞʝʪ ʧʨʠ ʦʜʥʠʭ ʟʥʘʯʝʥʠʷʭ 

ʧʝʨʝʤʝʥʥʦʡ ʭ ʩʭʦʜʠʪʴʩʷ, ʘ ʧʨʠ ʜʨʫʛʠʭ ï ʨʘʩʭʦʜʠʪʴʩʷ. ʇʦʵʪʦʤʫ ʚʦʧʨʦʩ ʩʭʦʜʠʤʦʩʪʠ 

ʬʫʥʢʮʠʦʥʘʣʴʥʳʭ ʨʷʜʦʚ ʩʚʦʜʠʪʩʷ ʢ ʦʧʨʝʜʝʣʝʥʠʶ ʪʝʭ ʟʥʘʯʝʥʠʡ ʧʝʨʝʤʝʥʥʦʡ ʭ, ʧʨʠ 

ʢʦʪʦʨʳʭ ʨʷʜ ʩʭʦʜʠʪʩʷ.  

 ʉʦʚʦʢʫʧʥʦʩʪʴ ʪʘʢʠʭ ʟʥʘʯʝʥʠʡ ʥʘʟʳʚʘʝʪʩʷ ʦʙʣʘʩʪʴʶ ʩʭʦʜʠʤʦʩʪʠ. 

ʊʘʢ ʢʘʢ ʧʨʝʜʝʣʦʤ ʢʘʞʜʦʡ ʬʫʥʢʮʠʠ, ʚʭʦʜʷʱʝʡ ʚ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ, ʷʚʣʷʝʪʩʷ 

ʥʝʢʦʪʦʨʦʝ ʯʠʩʣʦ, ʪʦ ʧʨʝʜʝʣʦʤ ʬʫʥʢʮʠʦʥʘʣʴʥʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ 

ʥʝʢʦʪʦʨʘʷ ʬʫʥʢʮʠʷ: 

)(lim)( xfxf n
n ¤
=  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { fn(x)}  ʩʭʦʜʠʪʩʷ ʢ ʬʫʥʢʮʠʠ f(x) ʥʘ ʦʪʨʝʟʢʝ 

[a,b], ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʯʠʩʣʘ e>0 ʠ ʣʶʙʦʡ ʪʦʯʢʠ ʭ ʠʟ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʦʪʨʝʟʢʘ 

ʩʫʱʝʩʪʚʫʝʪ ʥʦʤʝʨ N = N(e, x), ʪʘʢʦʡ, ʯʪʦ ʥʝʨʘʚʝʥʩʪʚʦ  

e<- )()( xfxf n  

ʚʳʧʦʣʥʷʝʪʩʷ ʧʨʠ n>N. 

 ʇʨʠ ʚʳʙʨʘʥʥʦʤ ʟʥʘʯʝʥʠʠ e>0 ʢʘʞʜʦʡ ʪʦʯʢʝ ʦʪʨʝʟʢʘ [a,b] ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʩʚʦʡ 

ʥʦʤʝʨ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʦʤʝʨʦʚ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʚʩʝʤ ʪʦʯʢʘʤ ʦʪʨʝʟʢʘ [a,b], ʙʫʜʝʪ 

ʙʝʩʯʠʩʣʝʥʥʦʝ ʤʥʦʞʝʩʪʚʦ. ɽʩʣʠ ʚʳʙʨʘʪʴ ʠʟ ʚʩʝʭ ʵʪʠʭ ʥʦʤʝʨʦʚ ʥʘʠʙʦʣʴʰʠʡ, ʪʦ ʵʪʦʪ 

ʥʦʤʝʨ ʙʫʜʝʪ ʛʦʜʠʪʴʩʷ ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ ʦʪʨʝʟʢʘ [a,b], ʪ.ʝ. ʙʫʜʝʪ ʦʙʱʠʤ ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ { fn(x)}  ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʢ ʬʫʥʢʮʠʠ f(x) 

ʥʘ ʦʪʨʝʟʢʝ [a,b], ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʯʠʩʣʘ e>0  ʩʫʱʝʩʪʚʫʝʪ ʥʦʤʝʨ N = N(e), ʪʘʢʦʡ, ʯʪʦ 

ʥʝʨʘʚʝʥʩʪʚʦ  

e<- )()( xfxf n  

ʚʳʧʦʣʥʷʝʪʩʷ ʧʨʠ n>N ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ ʦʪʨʝʟʢʘ [a,b]. 

 

 ʇʨʠʤʝʨ. ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ,...
sin

,...,
2

2sin
,

1

sin

n

nxxx
 

ɼʘʥʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʩʭʦʜʠʪʩʷ ʥʘ ʚʩʝʡ ʯʠʩʣʦʚʦʡ ʦʩʠ ʢ ʬʫʥʢʮʠʠ f(x)=0, ʪ.ʢ. 
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 ʇʦʩʪʨʦʠʤ ʛʨʘʬʠʢʠ ʵʪʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ: 
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 ʂʘʢ ʚʠʜʥʦ, ʧʨʠ ʫʚʝʣʠʯʝʥʠʠ ʯʠʩʣʘ n ʛʨʘʬʠʢ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʧʨʠʙʣʠʞʘʝʪʩʷ ʢ 

ʦʩʠ ʭ. 

 

 

 ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʢʦʤʧʴʶʪʝʨʥʦʡ ʚʝʨʩʠʠ ñʂʫʨʩʘ ʚʳʩʰʝʡ ʤʘʪʝʤʘʪʠʢʠò 

ʚʦʟʤʦʞʥʦ ʟʘʧʫʩʪʠʪʴ ʧʨʦʛʨʘʤʤʫ, ʢʦʪʦʨʘʷ ʠʩʩʣʝʜʫʝʪ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʟʥʘʢʦʯʝʨʝʜʫʶʱʠʝʩʷ 

ʨʷʜʳ ʠ ʦʧʨʝʜʝʣʷʝʪ ʭʘʨʘʢʪʝʨ ʩʭʦʜʠʤʦʩʪʠ. ɼʦʩʪʘʪʦʯʥʦ ʚʚʝʩʪʠ ʦʙʱʠʡ ʯʣʝʥ ʨʷʜʘ ʠ 

ʤʥʦʞʠʪʝʣʴ, ʦʧʨʝʜʝʣʷʶʱʠʡ ʟʥʘʢ ʠ ʥʘʞʘʪʴ Enter. ɺʩʝ ʨʘʩʩʤʦʪʨʝʥʥʳʝ ʚʳʰʝ ʧʨʠʟʥʘʢʠ 

ʙʫʜʫʪ ʧʨʦʚʝʨʝʥʳ ʧʦ ʦʯʝʨʝʜʠ. 

 ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʜʚʘʞʜʳ ʱʝʣʢʥʠʪʝ ʥʘ ʟʥʘʯʢʝ: 

 ʇʨʠʤʝʯʘʥʠʝ:  ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʥʝʦʙʭʦʜʠʤʦ ʯʪʦʙʳ ʥʘ ʢʦʤʧʴʶʪʝʨʝ ʙʳʣʘ 

ʫʩʪʘʥʦʚʣʝʥʘ ʧʨʦʛʨʘʤʤʘ Maple (Ò Waterloo Maple Inc.) ʣʶʙʦʡ ʚʝʨʩʠʠ, ʥʘʯʠʥʘʷ ʩ Maple 

V Release 4. 

 

 

 

 

 

ʌʫʥʢʮʠʦʥʘʣʴʥʳʝ ʨʷʜʳ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʏʘʩʪʥʳʤʠ (ʯʘʩʪʠʯʥʳʤʠ) ʩʫʤʤʘʤʠ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ 

ä
¤

=1

)(
n

n xu  ʥʘʟʳʚʘʶʪʩʷ ʬʫʥʢʮʠʠ ä
=

==
n

k

kn nxuxS
1

,...2,1),()(  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʦʥʘʣʴʥʳʡ ʨʷʜ ä
¤

=1

)(
n

n xu ʥʘʟʳʚʘʝʪʩʷ ʩʭʦʜʷʱʠʤʩʷ ʚ ʪʦʯʢʝ 

(ʭ=ʭ0), ʝʩʣʠ ʚ ʵʪʦʡ ʪʦʯʢʝ ʩʭʦʜʠʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʝʛʦ ʯʘʩʪʥʳʭ ʩʫʤʤ. ʇʨʝʜʝʣ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ )}({ 0xSn  ʥʘʟʳʚʘʝʪʩʷ ʩʫʤʤʦʡ ʨʷʜʘ ä
¤

=1

)(
n

n xu  ʚ ʪʦʯʢʝ ʭ0. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʉʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʟʥʘʯʝʥʠʡ ʭ, ʜʣʷ ʢʦʪʦʨʳʭ ʩʭʦʜʠʪʩʷ ʨʷʜ 

ä
¤

=1

)(
n

n xu ʥʘʟʳʚʘʝʪʩʷ ʦʙʣʘʩʪʴʶ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʈʷʜ ä
¤

=1

)(
n

n xu ʥʘʟʳʚʘʝʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʠʤʩʷ ʥʘ ʦʪʨʝʟʢʝ 

[a,b], ʝʩʣʠ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʘʩʪʥʳʭ ʩʫʤʤ 

ʵʪʦʛʦ ʨʷʜʘ. 

 

 ʊʝʦʨʝʤʘ. (ʂʨʠʪʝʨʠʡ ʂʦʰʠ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ) 

 ɼʣʷ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ä
¤

=1

)(
n

n xu ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ 

ʜʣʷ ʣʶʙʦʛʦ ʯʠʩʣʘ e>0 ʩʫʱʝʩʪʚʦʚʘʣ ʪʘʢʦʡ ʥʦʤʝʨ N(e), ʯʪʦ ʧʨʠ n>N ʠ ʣʶʙʦʤ ʮʝʣʦʤ p>0 

ʥʝʨʘʚʝʥʩʪʚʦ 

e<+++ +++ )(...)()( 21 xuxuxu pnnn  
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ʚʳʧʦʣʥʷʣʦʩʴ ʙʳ ʜʣʷ ʚʩʝʭ ʭ ʥʘ ʦʪʨʝʟʢʝ [a,b]. 

 

 ʊʝʦʨʝʤʘ. (ʇʨʠʟʥʘʢ ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ɺʝʡʝʨʰʪʨʘʩʩʘ) 

(ʂʘʨʣ ʊʝʦʜʦʨ ɺʠʣʴʛʝʣʴʤ ɺʝʡʝʨʰʪʨʘʩʩ (1815 ï 1897) ï ʥʝʤʝʮʢʠʡ ʤʘʪʝʤʘʪʠʢ) 

 ʈʷʜ ä
¤

=1

)(
n

n xu ʩʭʦʜʠʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʠ ʧʨʠʪʦʤ ʘʙʩʦʣʶʪʥʦ ʥʘ ʦʪʨʝʟʢʝ [a,b], ʝʩʣʠ 

ʤʦʜʫʣʠ ʝʛʦ ʯʣʝʥʦʚ ʥʘ ʪʦʤ ʞʝ ʦʪʨʝʟʢʝ ʥʝ ʧʨʝʚʦʩʭʦʜʷʪ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʯʣʝʥʦʚ 

ʩʭʦʜʷʱʝʛʦʩʷ ʯʠʩʣʦʚʦʛʦ ʨʷʜʘ ʩ ʧʦʣʦʞʠʪʝʣʴʥʳʤʠ ʯʣʝʥʘʤʠ : 

......21 ++++ nMMM  

ʪ.ʝ. ʠʤʝʝʪ ʤʝʩʪʦ ʥʝʨʘʚʝʥʩʪʚʦ: 

nn Mxu ¢)( . 

 

 ɽʱʝ ʛʦʚʦʨʷʪ, ʯʪʦ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʬʫʥʢʮʠʦʥʘʣʴʥʳʡ ʨʷʜ ä
¤

=1

)(
n

n xu  ʤʘʞʦʨʠʨʫʝʪʩʷ 

ʯʠʩʣʦʚʳʤ ʨʷʜʦʤ ä
¤

=

M
1n

n . 

 

 

 ʇʨʠʤʝʨ. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ ä
¤

=1
3

cos

n n

nx
. 

ʊʘʢ ʢʘʢ 1cos ¢nx  ʚʩʝʛʜʘ, ʪʦ ʦʯʝʚʠʜʥʦ, ʯʪʦ 
33

1cos

nn

nx
¢ . 

ʇʨʠ ʵʪʦʤ ʠʟʚʝʩʪʥʦ, ʯʪʦ ʦʙʱʝʛʘʨʤʦʥʠʯʝʩʢʠʡ ʨʷʜ ä
¤

=
a

1

1

n n
 ʧʨʠ a=3>1 ʩʭʦʜʠʪʩʷ, ʪʦ ʚ 

ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʧʨʠʟʥʘʢʦʤ ɺʝʡʝʨʰʪʨʘʩʩʘ ʠʩʩʣʝʜʫʝʤʳʡ ʨʷʜ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʠ 

ʧʨʠʪʦʤ ʚ ʣʶʙʦʤ ʠʥʪʝʨʚʘʣʝ. 

 

 ʇʨʠʤʝʨ. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ ä
¤

=1
3

n

n

n

x
. 

ʅʘ ʦʪʨʝʟʢʝ [-1,1] ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 
33

1

nn

xn

¢  ʪ.ʝ. ʧʦ ʧʨʠʟʥʘʢʫ ɺʝʡʝʨʰʪʨʘʩʩʘ ʥʘ 

ʵʪʦʤ ʦʪʨʝʟʢʝ ʠʩʩʣʝʜʫʝʤʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ, ʘ ʥʘ ʠʥʪʝʨʚʘʣʘʭ (- ,́ -1) Ç (1, ́ ) ʨʘʩʭʦʜʠʪʩʷ. 

 

 

ʉʚʦʡʩʪʚʘ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʠʭʩʷ ʨʷʜʦʚ. 

 

 1) ʊʝʦʨʝʤʘ ʦ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʩʫʤʤʳ ʨʷʜʘ. 

 ɽʩʣʠ ʯʣʝʥʳ ʨʷʜʘ ä
¤

=1

)(
n

n xu  - ʥʝʧʨʝʨʳʚʥʳʝ ʥʘ ʦʪʨʝʟʢʝ [a,b]  ʬʫʥʢʮʠʠ ʠ ʨʷʜ 

ʩʭʦʜʠʪʩʷ ʨʘʚʥʦʤʝʨʥʦ, ʪʦ ʠ ʝʛʦ ʩʫʤʤʘ S(x) ʝʩʪʴ ʥʝʧʨʝʨʳʚʥʘʷ ʬʫʥʢʮʠʷ ʥʘ ʦʪʨʝʟʢʝ [a,b]. 

 

 2) ʊʝʦʨʝʤʘ ʦ ʧʦʯʣʝʥʥʦʤ ʠʥʪʝʛʨʠʨʦʚʘʥʠʠ ʨʷʜʘ. 

 ʈʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʠʡʩʷ ʥʘ ʦʪʨʝʟʢʝ [a,b]  ʨʷʜ ʩ ʥʝʧʨʝʨʳʚʥʳʤʠ ʯʣʝʥʘʤʠ ʤʦʞʥʦ 

ʧʦʯʣʝʥʥʦ ʠʥʪʝʛʨʠʨʦʚʘʪʴ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ, ʪ.ʝ. ʨʷʜ, ʩʦʩʪʘʚʣʝʥʥʳʡ ʠʟ ʠʥʪʝʛʨʘʣʦʚ ʦʪ 

ʝʛʦ ʯʣʝʥʦʚ ʧʦ ʦʪʨʝʟʢʫ [a,b]  , ʩʭʦʜʠʪʩʷ ʢ ʠʥʪʝʛʨʘʣʫ ʦʪ ʩʫʤʤʳ ʨʷʜʘ ʧʦ ʵʪʦʤʫ ʦʪʨʝʟʢʫ. 
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 3) ʊʝʦʨʝʤʘ ʦ ʧʦʯʣʝʥʥʦʤ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʠ ʨʷʜʘ. 

 ɽʩʣʠ ʯʣʝʥʳ ʨʷʜʘ ä
¤

=1

)(
n

n xu  ʩʭʦʜʷʱʝʛʦʩʷ ʥʘ ʦʪʨʝʟʢʝ [a,b]  ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ 

ʥʝʧʨʝʨʳʚʥʳʝ ʬʫʥʢʮʠʠ, ʠʤʝʶʱʠʝ ʥʝʧʨʝʨʳʚʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ, ʠ ʨʷʜ, ʩʦʩʪʘʚʣʝʥʥʳʡ ʠʟ 

ʵʪʠʭ ʧʨʦʠʟʚʦʜʥʳʭ ä
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¡
1
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n

n xu ʩʭʦʜʠʪʩʷ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ ʨʘʚʥʦʤʝʨʥʦ, ʪʦ ʠ ʜʘʥʥʳʡ ʨʷʜ 

ʩʭʦʜʠʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʠ ʝʛʦ ʤʦʞʥʦ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʪʴ ʧʦʯʣʝʥʥʦ. 
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 ʅʘ ʦʩʥʦʚʝ ʪʦʛʦ, ʯʪʦ ʩʫʤʤʘ ʨʷʜʘ ʷʚʣʷʝʪʩʷ ʥʝʢʦʪʦʨʦʡ ʬʫʥʢʮʠʝʡ ʦʪ ʧʝʨʝʤʝʥʥʦʡ ʭ, 

ʤʦʞʥʦ ʧʨʦʠʟʚʦʜʠʪʴ ʦʧʝʨʘʮʠʶ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʢʘʢʦʡ ï ʣʠʙʦ ʬʫʥʢʮʠʠ ʚ ʚʠʜʝ ʨʷʜʘ 

(ʨʘʟʣʦʞʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʨʷʜ), ʯʪʦ ʠʤʝʝʪ ʰʠʨʦʢʦʝ ʧʨʠʤʝʥʝʥʠʝ ʧʨʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʠ, 

ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʠ ʠ ʜʨʫʛʠʭ ʜʝʡʩʪʚʠʷʭ ʩ ʬʫʥʢʮʠʷʤʠ. 

 ʅʘ ʧʨʘʢʪʠʢʝ ʯʘʩʪʦ ʧʨʠʤʝʥʷʝʪʩʷ ʨʘʟʣʦʞʝʥʠʝ ʬʫʥʢʮʠʡ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ. 

 

 ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʢʦʤʧʴʶʪʝʨʥʦʡ ʚʝʨʩʠʠ ñʂʫʨʩʘ ʚʳʩʰʝʡ ʤʘʪʝʤʘʪʠʢʠò 

ʚʦʟʤʦʞʥʦ ʟʘʧʫʩʪʠʪʴ ʧʨʦʛʨʘʤʤʫ, ʢʦʪʦʨʘʷ ʦʧʨʝʜʝʣʷʝʪ ʠʥʪʝʨʚʘʣ ʩʭʦʜʠʤʦʩʪʠ ʜʣʷ 

ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʬʫʥʢʮʠʦʥʘʣʴʥʦʛʦ ʨʷʜʘ. 

 ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʜʚʘʞʜʳ ʱʝʣʢʥʠʪʝ ʥʘ ʟʥʘʯʢʝ 

 

 ʇʨʠʤʝʯʘʥʠʝ: ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʥʝʦʙʭʦʜʠʤʦ ʯʪʦʙʳ ʥʘ ʢʦʤʧʴʶʪʝʨʝ ʙʳʣʘ 

ʫʩʪʘʥʦʚʣʝʥʘ ʧʨʦʛʨʘʤʤʘ Maple (Ò Waterloo Maple Inc.) ʣʶʙʦʡ ʚʝʨʩʠʠ, ʥʘʯʠʥʘʷ ʩ MapleV 

Release 4. 

 

ʉʪʝʧʝʥʥʳʝ ʨʷʜʳ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʉʪʝʧʝʥʥʳʤ ʨʷʜʦʤ ʥʘʟʳʚʘʝʪʩʷ ʨʷʜ ʚʠʜʘ 
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ɼʣʷ ʠʩʩʣʝʜʦʚʘʥʠʷ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʫʜʦʙʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʧʨʠʟʥʘʢ 

ɼʘʣʘʤʙʝʨʘ. 

 

 ʇʨʠʤʝʨ. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʩʭʦʜʠʤʦʩʪʴ ʨʷʜ ......
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ʇʦʣʫʯʘʝʤ, ʯʪʦ ʵʪʦʪ ʨʷʜ ʩʭʦʜʠʪʩʷ ʧʨʠ 1<x ʠ ʨʘʩʭʦʜʠʪʩʷ ʧʨʠ 1>x . 

ʊʝʧʝʨʴ ʦʧʨʝʜʝʣʠʤ ʩʭʦʜʠʤʦʩʪʴ ʚ ʛʨʘʥʠʯʥʳʭ ʪʦʯʢʘʭ 1 ʠ ï1. 

ʇʨʠ ʭ = 1: ...
4

1

3

1

2

1
1 -+-+-  ʨʷʜ ʩʭʦʜʠʪʩʷ ʧʦ ʧʨʠʟʥʘʢʫ ʃʝʡʙʥʠʮʘ (ʩʤ. ʇʨʠʟʥʘʢ 

ʃʝʡʙʥʠʮʘ.). 

ʇʨʠ ʭ = -1: ...
1

...
3

1

2

1
1 +++++

n
 ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ (ʛʘʨʤʦʥʠʯʝʩʢʠʡ ʨʷʜ). 

 

ʊʝʦʨʝʤʳ ɸʙʝʣʷ. 

 

(ʅʠʣʴʩ ʍʝʥʨʠʢ ɸʙʝʣʴ (1802 ï 1829) ï ʥʦʨʚʝʞʩʢʠʡ ʤʘʪʝʤʘʪʠʢ) 

 ʊʝʦʨʝʤʘ. ɽʩʣʠ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ä
¤

=

=+++++
0

2

210 ......
n

n

n

n

n xaxaxaxaa  ʩʭʦʜʠʪʩʷ 

ʧʨʠ x = x1 , ʪʦ ʦʥ ʩʭʦʜʠʪʩʷ ʠ ʧʨʠʪʦʤ ʘʙʩʦʣʶʪʥʦ ʜʣʷ ʚʩʝʭ 1xx > . 

 

 ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ʇʦ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ, ʪʘʢ ʢʘʢ ʯʣʝʥʳ ʨʷʜʘ ʦʛʨʘʥʠʯʝʥʳ, ʪʦ  

,1 kxa n

n ¢  

ʛʜʝ k- ʥʝʢʦʪʦʨʦʝ ʧʦʩʪʦʷʥʥʦʝ ʯʠʩʣʦ. ʉʧʨʘʚʝʜʣʠʚʦ ʩʣʝʜʫʶʱʝʝ ʥʝʨʘʚʝʥʩʪʚʦ: 
nn

n

n

n

n
x

x
k

x

x
xaxa
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1 ¢=  

ʀʟ ʵʪʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘ ʚʠʜʥʦ, ʯʪʦ ʧʨʠ x<x1  ʯʠʩʣʝʥʥʳʝ ʚʝʣʠʯʠʥʳ ʯʣʝʥʦʚ ʥʘʰʝʛʦ 

ʨʷʜʘ ʙʫʜʫʪ ʤʝʥʴʰʝ ( ʚʦ ʚʩʷʢʦʤ ʩʣʫʯʘʝ ʥʝ ʙʦʣʴʰʝ ) ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʯʣʝʥʦʚ ʨʷʜʘ 

ʧʨʘʚʦʡ ʯʘʩʪʠ ʟʘʧʠʩʘʥʥʦʛʦ ʚʳʰʝ ʥʝʨʘʚʝʥʩʪʚʘ, ʢʦʪʦʨʳʝ ʦʙʨʘʟʫʶʪ ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ 

ʧʨʦʛʨʝʩʩʠʶ. ɿʥʘʤʝʥʘʪʝʣʴ ʵʪʦʡ ʧʨʦʛʨʝʩʩʠʠ 
1x

x
 ʧʦ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ ʤʝʥʴʰʝ ʝʜʠʥʠʮʳ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʵʪʘ ʧʨʦʛʨʝʩʩʠʷ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʭʦʜʷʱʠʡʩʷ ʨʷʜ. 

ʇʦʵʪʦʤʫ ʥʘ ʦʩʥʦʚʘʥʠʠ ʧʨʠʟʥʘʢʘ ʩʨʘʚʥʝʥʠʷ ʜʝʣʘʝʤ ʚʳʚʦʜ, ʯʪʦ ʨʷʜ ä n

nxa  

ʩʭʦʜʠʪʩʷ, ʘ ʟʥʘʯʠʪ ʨʷʜ ä n

nxa  ʩʭʦʜʠʪʩʷ ʘʙʩʦʣʶʪʥʦ. 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ä n

nxa ʩʭʦʜʠʪʩʷ ʚ ʪʦʯʢʝ ʭ1, ʪʦ ʦʥ ʘʙʩʦʣʶʪʥʦ 

ʩʭʦʜʠʪʩʷ ʚ ʣʶʙʦʡ ʪʦʯʢʝ ʠʥʪʝʨʚʘʣʘ ʜʣʠʥʳ 21ʭ ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ ʭ = 0. 

 

ʉʣʝʜʩʪʚʠʝ. ɽʩʣʠ ʧʨʠ ʭ = ʭ1 ʨʷʜ ʨʘʩʭʦʜʠʪʩʷ, ʪʦ ʦʥ ʨʘʩʭʦʜʠʪʩʷ ʜʣʷ ʚʩʝʭ 1xx > . 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʢʘʞʜʦʛʦ ʩʪʝʧʝʥʥʦʛʦ ʨʷʜʘ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ 

ʯʠʩʣʦ R, ʯʪʦ ʧʨʠ ʚʩʝʭ ʭ ʪʘʢʠʭ, ʯʪʦ Rx <  ʨʷʜ ʘʙʩʦʣʶʪʥʦ ʩʭʦʜʠʪʩʷ, ʘ ʧʨʠ ʚʩʝʭ Rx > ʨʷʜ 

ʨʘʩʭʦʜʠʪʩʷ. ʇʨʠ ʵʪʦʤ ʯʠʩʣʦ R ʥʘʟʳʚʘʝʪʩʷ ʨʘʜʠʫʩʦʤ ʩʭʦʜʠʤʦʩʪʠ. ʀʥʪʝʨʚʘʣ (-R, R) 

ʥʘʟʳʚʘʝʪʩʷ ʠʥʪʝʨʚʘʣʦʤ ʩʭʦʜʠʤʦʩʪʠ. 

ʆʪʤʝʪʠʤ, ʯʪʦ ʵʪʦʪ ʠʥʪʝʨʚʘʣ ʤʦʞʝʪ ʙʳʪʴ ʢʘʢ ʟʘʤʢʥʫʪʳʤ ʩ ʦʜʥʦʡ ʠʣʠ ʜʚʫʭ 

ʩʪʦʨʦʥ, ʪʘʢ ʠ ʥʝ ʟʘʤʢʥʫʪʳʤ. 

ʈʘʜʠʫʩ ʩʭʦʜʠʤʦʩʪʠ ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥ ʧʦ ʬʦʨʤʫʣʝ: 
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 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʩʭʦʜʠʤʦʩʪʠ ʨʷʜʘ ...
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ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʘʥʥʳʡ ʨʷʜ ʩʭʦʜʠʪʩʷ ʧʨʠʣʶʙʦʤ ʟʥʘʯʝʥʠʠ ʭ. ʆʙʱʠʡ ʯʣʝʥ ʵʪʦʛʦ ʨʷʜʘ 

ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ. 
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 ʊʝʦʨʝʤʘ. ɽʩʣʠ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ä n

nxa  ʩʭʦʜʠʪʩʷ ʜʣʷ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʟʥʘʯʝʥʠʷ 

ʭ=ʭ1 , ʪʦ ʦʥ ʩʭʦʜʠʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʚ ʣʶʙʦʤ ʧʨʦʤʝʞʫʪʢʝ ʚʥʫʪʨʠ );( 11 xx- . 

 

 

ɼʝʡʩʪʚʠʷ ʩʦ ʩʪʝʧʝʥʥʳʤʠ ʨʷʜʘʤʠ. 

 

1) ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ. 

ɽʩʣʠ ʥʝʢʦʪʦʨʘʷ ʬʫʥʢʮʠʷ f(x) ʦʧʨʝʜʝʣʷʝʪʩʷ ʩʪʝʧʝʥʥʳʤ ʨʷʜʦʤ: ä
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ʠʥʪʝʛʨʘʣ ʦʪ ʵʪʦʡ ʬʫʥʢʮʠʠ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ ʨʷʜʘ: 
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 2) ɼʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ. 

 

ʇʨʦʠʟʚʦʜʥʘʷ ʬʫʥʢʮʠʠ, ʢʦʪʦʨʘʷ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩʪʝʧʝʥʥʳʤ ʨʷʜʦʤ, ʥʘʭʦʜʠʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 
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 3) ʉʣʦʞʝʥʠʝ, ʚʳʯʠʪʘʥʠʝ, ʫʤʥʦʞʝʥʠʝ ʠ ʜʝʣʝʥʠʝ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ. 

 

ʉʣʦʞʝʥʠʝ ʠ ʚʳʯʠʪʘʥʠʝ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʩʚʦʜʠʪʩʷ ʢ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʦʧʝʨʘʮʠʷʤ ʩ ʠʭ 

ʯʣʝʥʘʤʠ: 
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ʇʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʚʳʨʘʞʘʝʪʩʷ ʬʦʨʤʫʣʦʡ: 
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ʂʦʵʬʬʠʮʠʝʥʪʳ ʩi ʥʘʭʦʜʷʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 

011110 ... babababac nnnnn ++++= --  
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ɼʝʣʝʥʠʝ ʜʚʫʭ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʚʳʨʘʞʘʝʪʩʷ ʬʦʨʤʫʣʦʡ: 
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ʈʘʟʣʦʞʝʥʠʝ ʬʫʥʢʮʠʡ ʚ ʩʪʝʧʝʥʥʳʝ ʨʷʜʳ. 

 

ʈʘʟʣʦʞʝʥʠʝ ʬʫʥʢʮʠʡ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʠʤʝʝʪ ʙʦʣʴʰʦʝ ʟʥʘʯʝʥʠʝ ʜʣʷ ʨʝʰʝʥʠʷ 

ʨʘʟʣʠʯʥʳʭ ʟʘʜʘʯ ʠʩʩʣʝʜʦʚʘʥʠʷ ʬʫʥʢʮʠʡ, ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ, ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ, 

ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʚʳʯʠʩʣʝʥʠʷ ʧʨʝʜʝʣʦʚ, ʚʳʯʠʩʣʝʥʠʷ 

ʧʨʠʙʣʠʞʝʥʥʳʭ ʟʥʘʯʝʥʠʡ ʬʫʥʢʮʠʠ. 

ɺʦʟʤʦʞʥʳ ʨʘʟʣʠʯʥʳʝ ʩʧʦʩʦʙʳ ʨʘʟʣʦʞʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ. ʊʘʢʠʝ 

ʩʧʦʩʦʙʳ ʢʘʢ ʨʘʟʣʦʞʝʥʠʝ ʧʨʠ ʧʦʤʦʱʠ ʨʷʜʦʚ ʊʝʡʣʦʨʘ ʠ ʄʘʢʣʦʨʝʥʘ ʙʳʣʠ ʨʘʩʩʤʦʪʨʝʥʳ 

ʨʘʥʝʝ. (ʉʤ. ʌʦʨʤʫʣʘ ʊʝʡʣʦʨʘ. ) 

ʉʫʱʝʩʪʚʫʝʪ ʪʘʢʞʝ ʩʧʦʩʦʙ ʨʘʟʣʦʞʝʥʠʷ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʧʨʠ ʧʦʤʦʱʠ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʜʝʣʝʥʠʷ. ʕʪʦ ï ʩʘʤʳʡ ʧʨʦʩʪʦʡ ʩʧʦʩʦʙ ʨʘʟʣʦʞʝʥʠʷ, ʦʜʥʘʢʦ, ʧʨʠʛʦʜʝʥ 

ʦʥ ʪʦʣʴʢʦ ʜʣʷ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʜʨʦʙʝʡ. 

 

ʇʨʠʤʝʨ. ʈʘʟʣʦʞʠʪʴ ʚ ʨʷʜ ʬʫʥʢʮʠʶ 
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 ʉʫʪʴ ʤʝʪʦʜʘ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʜʝʣʝʥʠʷ ʩʦʩʪʦʠʪ ʚ ʧʨʠʤʝʥʝʥʠʠ ʦʙʱʝʛʦ ʧʨʘʚʠʣʘ 

ʜʝʣʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ: 
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ʀʪʦʛʦ, ʧʦʣʫʯʘʝʤ: ......1)( 2 +++++= nxxxxf  

 

 ʈʘʩʩʤʦʪʨʠʤ ʩʧʦʩʦʙ ʨʘʟʣʦʞʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʨʷʜ ʧʨʠ ʧʦʤʦʱʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. 

 

ʉ ʧʦʤʦʱʴʶ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʤʦʞʥʦ ʨʘʟʣʘʛʘʪʴ ʚ ʨʷʜ ʪʘʢʫʶ ʬʫʥʢʮʠʶ, ʜʣʷ ʢʦʪʦʨʦʡ 

ʠʟʚʝʩʪʥʦ ʠʣʠ ʤʦʞʝʪ ʙʳʪʴ ʣʝʛʢʦ ʥʘʡʜʝʥʦ ʨʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʝʝ ʧʨʦʠʟʚʦʜʥʦʡ. 

 ʅʘʭʦʜʠʤ ʜʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ dxxfxdf )()( ¡=  ʠ ʠʥʪʝʛʨʠʨʫʝʤ ʝʛʦ ʚ ʧʨʝʜʝʣʘʭ 

ʦʪ 0 ʜʦ ʭ. 
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 ʇʨʠʤʝʨ. ʈʘʟʣʦʞʠʪʴ ʚ ʨʷʜ ʬʫʥʢʮʠʶ ).1ln()( xxf +=  

ʈʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʵʪʦʡ ʬʫʥʢʮʠʠ ʧʦ ʬʦʨʤʫʣʝ ʄʘʢʣʦʨʝʥʘ ʙʳʣʦ ʨʘʩʩʤʦʪʨʝʥʦ ʚʳʰʝ. 

(ʉʤ. ʌʫʥʢʮʠʷ y = ln(1 + x).) ʊʝʧʝʨʴ ʨʝʰʠʤ ʵʪʫ ʟʘʜʘʯʫ ʧʨʠ ʧʦʤʦʱʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. 
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ʜʝʣʝʥʠʷ ʘʥʘʣʦʛʠʯʥʦ ʨʘʩʩʤʦʪʨʝʥʥʦʤʫ ʚʳʰʝ ʧʨʠʤʝʨʫ. 
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 ʇʨʠʤʝʨ. ʈʘʟʣʦʞʠʪʴ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʬʫʥʢʮʠʶ arctgx. 

ʇʨʠʤʝʥʠʤ ʨʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʩ ʧʦʤʦʱʴʶ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ. 
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ʇʦʜʠʥʪʝʛʨʘʣʴʥʘʷ ʬʫʥʢʮʠʷ ʤʦʞʝʪ ʙʳʪʴ ʨʘʟʣʦʞʝʥʘ ʚ ʨʷʜ ʤʝʪʦʜʦʤ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ 
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ʈʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʩ ʧʦʤʦʱʴʶ 

ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ. 

 

 ʉ ʧʦʤʦʱʴʶ ʩʪʝʧʝʥʥʳʭ ʨʷʜʦʚ ʚʦʟʤʦʞʥʦ ʠʥʪʝʛʨʠʨʦʚʘʪʴ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ 

ʫʨʘʚʥʝʥʠʷ. 

 ʈʘʩʩʤʦʪʨʠʤ ʣʠʥʝʡʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ: 
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1

)( xfyxpyxpyxpy n

nnn =++++ --  

 ɽʩʣʠ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʠ ʧʨʘʚʘʷ ʯʘʩʪʴ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʨʘʟʣʘʛʘʶʪʩʷ ʚ 

ʩʭʦʜʷʱʠʝʩʷ ʚ ʥʝʢʦʪʦʨʦʤ ʠʥʪʝʨʚʘʣʝ ʩʪʝʧʝʥʥʳʝ ʨʷʜʳ, ʪʦ ʩʫʱʝʩʪʚʫʝʪ ʨʝʰʝʥʠʝ ʵʪʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʚ ʥʝʢʦʪʦʨʦʡ ʤʘʣʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʥʫʣʝʚʦʡ ʪʦʯʢʠ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ 

ʥʘʯʘʣʴʥʳʤ ʫʩʣʦʚʠʷʤ. 

 ʕʪʦ ʨʝʰʝʥʠʝ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʩʪʝʧʝʥʥʳʤ ʨʷʜʦʤ: 

...3

3

2

210 ++++= xcxcxccy  

 ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʨʝʰʝʥʠʷ ʦʩʪʘʝʪʩʷ ʦʧʨʝʜʝʣʠʪʴ ʥʝʠʟʚʝʩʪʥʳʝ ʧʦʩʪʦʷʥʥʳʝ ci. 

ʕʪʘ ʟʘʜʘʯʘ ʨʝʰʘʝʪʩʷ ʤʝʪʦʜʦʤ ʩʨʘʚʥʝʥʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ. 

ɿʘʧʠʩʘʥʥʦʝ ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʠʩʢʦʤʦʡ ʬʫʥʢʮʠʠ ʧʦʜʩʪʘʚʣʷʝʤ ʚ ʠʩʭʦʜʥʦʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʚʳʧʦʣʥʷʷ ʧʨʠ ʵʪʦʤ ʚʩʝ ʥʝʦʙʭʦʜʠʤʳʝ ʜʝʡʩʪʚʠʷ ʩʦ 

ʩʪʝʧʝʥʥʳʤʠ ʨʷʜʘʤʠ (ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ, ʩʣʦʞʝʥʠʝ, ʚʳʯʠʪʘʥʠʝ, ʫʤʥʦʞʝʥʠʝ ʠ ʧʨ.) 

 ɿʘʪʝʤ ʧʨʠʨʘʚʥʠʚʘʝʤ ʢʦʵʬʬʠʮʠʝʥʪʳ ʧʨʠ ʦʜʠʥʘʢʦʚʳʭ ʩʪʝʧʝʥʷʭ ʭ ʚ ʣʝʚʦʡ ʠ 

ʧʨʘʚʦʡ ʯʘʩʪʷʭ ʫʨʘʚʥʝʥʠʷ. ɺ ʨʝʟʫʣʴʪʘʪʝ ʩ ʫʯʝʪʦʤ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ ʧʦʣʫʯʠʤ ʩʠʩʪʝʤʫ 

ʫʨʘʚʥʝʥʠʡ, ʠʟ ʢʦʪʦʨʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʷʝʤ ʢʦʵʬʬʠʮʠʝʥʪʳ ci. 

 ʆʪʤʝʪʠʤ, ʯʪʦ ʵʪʦʪ ʤʝʪʦʜ ʧʨʠʤʝʥʠʤ ʠ ʢ ʥʝʣʠʥʝʡʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʤ 

ʫʨʘʚʥʝʥʠʷʤ. 
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 ʇʨʠʤʝʨ. ʅʘʡʪʠ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ 0=-¡¡ xyy c ʥʘʯʘʣʴʥʳʤʠ ʫʩʣʦʚʠʷʤʠ y(0)=1, 

yô(0)=0. 

ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʤ ʠʩʢʘʪʴ ʚ ʚʠʜʝ ...2

210 +++= xcxccy  
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321 ++++=¡ xcxcxccy  
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432 ++++=¡¡ xcxcxccy  

 

 ʇʦʜʩʪʘʚʣʷʝʤ ʧʦʣʫʯʝʥʥʳʝ ʚʳʨʘʞʝʥʠʷ ʚ ʠʩʭʦʜʥʦʝ ʫʨʘʚʥʝʥʠʝ: 
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ʇʦʣʫʯʘʝʤ, ʧʦʜʩʪʘʚʠʚ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ ʚ ʚʳʨʘʞʝʥʠʷ ʜʣʷ ʠʩʢʦʤʦʡ ʬʫʥʢʮʠʠ ʠ ʝʝ 

ʧʝʨʚʦʡ ʧʨʦʠʟʚʦʜʥʦʡ: 
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 ʉʫʱʝʩʪʚʫʝʪ ʠ ʜʨʫʛʦʡ ʤʝʪʦʜ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʩ ʧʦʤʦʱʴʶ 

ʨʷʜʦʚ. ʆʥ ʥʦʩʠʪ ʥʘʟʚʘʥʠʝ ʤʝʪʦʜ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ.  

 

 ʈʘʩʩʤʦʪʨʠʤ ʪʦʪ ʞʝ ʧʨʠʤʝʨ. ʈʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʤ 

ʠʩʢʘʪʴ ʚ ʚʠʜʝ ʨʘʟʣʦʞʝʥʠʷ ʥʝʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ ʚ ʨʷʜ ʄʘʢʣʦʨʝʥʘ. 
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 ɽʩʣʠ ʟʘʜʘʥʥʳʝ ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ  y(0)=1,  yô(0)=0  ʧʦʜʩʪʘʚʠʪʴ ʚ ʠʩʭʦʜʥʦʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʧʦʣʫʯʠʤ, ʯʪʦ .0)0( =¡¡y  
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ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʪʴ ʝʛʦ ʧʦ ʭ. 
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ʈʷʜʳ ʌʫʨʴʝ. 

( ɾʘʥ ɹʘʪʠʩʪ ɾʦʟʝʬ ʌʫʨʴʝ (1768 ï 1830) ï ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ) 

 

ʊʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʡ ʨʷʜ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʊʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʤ ʨʷʜʦʤ ʥʘʟʳʚʘʝʪʩʷ ʨʷʜ ʚʠʜʘ: 

...)sincos(...)2sin2cos()sincos(
2

2211

0 ++++++++ nxbnxaxbxaxbxa
a

nn  

ʠʣʠ, ʢʦʨʦʯʝ, ä
¤

=

++
1

0 ).sincos(
2 n

nn nxbnxa
a

 

 ɼʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ ai, bi ʥʘʟʳʚʘʶʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʛʦ 

ʨʷʜʘ. 

 

 ɽʩʣʠ ʨʷʜ ʧʨʝʜʩʪʘʚʣʝʥʥʦʛʦ ʚʳʰʝ ʪʠʧʘ ʩʭʦʜʠʪʩʷ, ʪʦ ʝʛʦ ʩʫʤʤʘ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ 

ʧʝʨʠʦʜʠʯʝʩʢʫʶ ʬʫʥʢʮʠʶ ʩ ʧʝʨʠʦʜʦʤ 2p, ʪ.ʢ. ʬʫʥʢʮʠʠ sinnx ʠ cosnx ʪʘʢʞʝ 

ʧʝʨʠʦʜʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ ʩ ʧʝʨʠʦʜʦʤ 2p. 

 ʇʫʩʪʴ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʡ ʨʷʜ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʠʪʩʷ ʥʘ ʦʪʨʝʟʢʝ [-p; p], ʘ 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠ ʥʘ ʣʶʙʦʤ ʦʪʨʝʟʢʝ ʚ ʩʠʣʫ ʧʝʨʠʦʜʠʯʥʦʩʪʠ, ʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ f(x). 

 ʆʧʨʝʜʝʣʠʤ ʢʦʵʬʬʠʮʠʝʥʪʳ ʵʪʦʛʦ ʨʷʜʘ. 

 

 ɼʣʷ ʨʝʰʝʥʠʷ ʵʪʦʡ ʟʘʜʘʯʠ ʚʦʩʧʦʣʴʟʫʝʤʩʷ ʩʣʝʜʫʶʱʠʤʠ ʨʘʚʝʥʩʪʚʘʤʠ: 
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 ʉʧʨʘʚʝʜʣʠʚʦʩʪʴ ʵʪʠʭ ʨʘʚʝʥʩʪʚ ʚʳʪʝʢʘʝʪ ʠʟ ʧʨʠʤʝʥʝʥʠʷ ʢ ʧʦʜʳʥʪʝʛʨʘʣʴʥʦʤʫ 

ʚʳʨʘʞʝʥʠʶ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʬʦʨʤʫʣ. ʇʦʜʨʦʙʥʝʝ ʩʤ. ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ 

ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʬʫʥʢʮʠʡ. 

 ʊ.ʢ. ʬʫʥʢʮʠʷ f(x) ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪʨʝʟʢʝ [-p; p], ʪʦ ʩʫʱʝʩʪʚʫʝʪ ʠʥʪʝʛʨʘʣ  
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ɼʘʣʝʝ ʫʤʥʦʞʘʝʤ ʚʳʨʘʞʝʥʠʝ ʨʘʟʣʦʞʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʨʷʜ ʥʘ cosnx ʠ ʠʥʪʝʛʨʠʨʫʝʤ ʚ 

ʧʨʝʜʝʣʘʭ ʦʪ -p ʜʦ p. 
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ʆʪʩʶʜʘ ʧʦʣʫʯʘʝʤ: ,...2,1;cos)(
1

=
p
= ñ

p

p-

nnxdxxfan  

ɸʥʘʣʦʛʠʯʥʦ ʫʤʥʦʞʘʝʤ ʚʳʨʘʞʝʥʠʝ ʨʘʟʣʦʞʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʨʷʜ ʥʘ sinnx ʠ ʠʥʪʝʛʨʠʨʫʝʤ ʚ 

ʧʨʝʜʝʣʘʭ ʦʪ -p ʜʦ p. 

 

ʇʦʣʫʯʘʝʤ: ,...2,1,sin)(
1

=
p
= ñ

p

p-

nnxdxxfbn  

 

ɺʳʨʘʞʝʥʠʝ ʜʣʷ ʢʦʵʬʬʠʮʠʝʥʪʘ ʘ0 ʷʚʣʷʝʪʩʷ ʯʘʩʪʥʳʤ ʩʣʫʯʘʝʤ ʜʣʷ ʚʳʨʘʞʝʥʠʷ 

ʢʦʵʬʬʠʮʠʝʥʪʦʚ an. 

 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʬʫʥʢʮʠʷ f(x) ï ʣʶʙʘʷ ʧʝʨʠʦʜʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ ʧʝʨʠʦʜʘ 2p, 

ʥʝʧʨʝʨʳʚʥʘʷ ʥʘ ʦʪʨʝʟʢʝ [-p; p] ʠʣʠ ʠʤʝʶʱʘʷ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʪʦʯʝʢ 

ʨʘʟʨʳʚʘ ʧʝʨʚʦʛʦ ʨʦʜʘ, ʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ 

,...2,1,0;cos)(
1

=
p
= ñ

p

p-

nnxdxxfan  

,...2,1,sin)(
1

=
p
= ñ

p

p-

nnxdxxfbn  

ʩʫʱʝʩʪʚʫʶʪ ʠ ʥʘʟʳʚʘʶʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʌʫʨʴʝ ʜʣʷ ʬʫʥʢʮʠʠ f(x). 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʈʷʜʦʤ ʌʫʨʴʝ ʜʣʷ ʬʫʥʢʮʠʠ f(x) ʥʘʟʳʚʘʝʪʩʷ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʡ 

ʨʷʜ, ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ ʷʚʣʷʶʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʌʫʨʴʝ. ɽʩʣʠ ʨʷʜ ʌʫʨʴʝ 

ʬʫʥʢʮʠʠ f(x) ʩʭʦʜʠʪʩʷ ʢ ʥʝʡ ʚʦ ʚʩʝʭ ʝʝ ʪʦʯʢʘʭ ʥʝʧʨʝʨʳʚʥʦʩʪʠ, ʪʦ ʛʦʚʦʨʷʪ, ʯʪʦ ʬʫʥʢʮʠʷ  

f(x) ʨʘʟʣʘʛʘʝʪʩʷ ʚ ʨʷʜ ʌʫʨʴʝ. 

 

 

 

ɼʦʩʪʘʪʦʯʥʳʝ ʧʨʠʟʥʘʢʠ ʨʘʟʣʦʞʠʤʦʩʪʠ ʚ ʨʷʜ ʌʫʨʴʝ. 

 

 ʊʝʦʨʝʤʘ. (ʊʝʦʨʝʤʘ ɼʠʨʠʭʣʝ) ɽʩʣʠ ʬʫʥʢʮʠʷ f(x) ʠʤʝʝʪ ʧʝʨʠʦʜ 2p ʠ ʥʘ ʦʪʨʝʟʢʝ  

[ -p;p] ʥʝʧʨʝʨʳʚʥʘ ʠʣʠ ʠʤʝʝʪ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʪʦʯʝʢ ʨʘʟʨʳʚʘ ʧʝʨʚʦʛʦ ʨʦʜʘ, ʠ ʦʪʨʝʟʦʢ  

[ -p;p] ʤʦʞʥʦ ʨʘʟʙʠʪʴ ʥʘ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʦʪʨʝʟʢʦʚ ʪʘʢ, ʯʪʦ ʚʥʫʪʨʠ ʢʘʞʜʦʛʦ ʠʟ ʥʠʭ 

ʬʫʥʢʮʠʷ f(x) ʤʦʥʦʪʦʥʥʘ, ʪʦ ʨʷʜ ʌʫʨʴʝ ʜʣʷ ʬʫʥʢʮʠʠ f(x) ʩʭʦʜʠʪʩʷ ʧʨʠ ʚʩʝʭ ʟʥʘʯʝʥʠʷʭ ʭ, 

ʧʨʠʯʝʤ ʚ ʪʦʯʢʘʭ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ f(x) ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ f(x), ʘ ʚ ʪʦʯʢʘʭ ʨʘʟʨʳʚʘ 

ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ 
2

)0()0( ++- xfxf
, ʪ.ʝ. ʩʨʝʜʥʝʤʫ ʘʨʠʬʤʝʪʠʯʝʩʢʦʤʫ ʧʨʝʜʝʣʴʥʳʭ 

ʟʥʘʯʝʥʠʡ ʩʣʝʚʘ ʠ ʩʧʨʘʚʘ. ʇʨʠ ʵʪʦʤ ʨʷʜ ʌʫʨʴʝ ʬʫʥʢʮʠʠ f(x) ʩʭʦʜʠʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʥʘ 

ʣʶʙʦʤ ʦʪʨʝʟʢʝ, ʢʦʪʦʨʳʡ ʧʨʠʥʘʜʣʝʞʠʪ ʠʥʪʝʨʚʘʣʫ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ f(x). 

 

 ʌʫʥʢʮʠʷ f(x), ʜʣʷ ʢʦʪʦʨʦʡ ʚʳʧʦʣʥʷʶʪʩʷ ʫʩʣʦʚʠʷ ʪʝʦʨʝʤʳ ɼʠʨʠʭʣʝ ʥʘʟʳʚʘʝʪʩʷ 

ʢʫʩʦʯʥʦ ï ʤʦʥʦʪʦʥʥʦʡ ʥʘ ʦʪʨʝʟʢʝ [-p;p]. 
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 ʊʝʦʨʝʤʘ. ɽʩʣʠ ʬʫʥʢʮʠʷ f(x) ʠʤʝʝʪ ʧʝʨʠʦʜ 2p, ʢʨʦʤʝ ʪʦʛʦ, f(x) ʠ ʝʝ ʧʨʦʠʟʚʦʜʥʘʷ 

fô(x) ï ʥʝʧʨʝʨʳʚʥʳʝ ʬʫʥʢʮʠʠ ʥʘ ʦʪʨʝʟʢʝ [ -p;p]   ʠʣʠ ʠʤʝʶʪ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʪʦʯʝʢ 

ʨʘʟʨʳʚʘ ʧʝʨʚʦʛʦ ʨʦʜʘ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ, ʪʦ ʨʷʜ ʌʫʨʴʝ ʬʫʥʢʮʠʠ f(x) ʩʭʦʜʠʪʩʷ ʧʨʠ ʚʩʝʭ 

ʟʥʘʯʝʥʠʷʭ ʭ, ʧʨʠʯʝʤ ʚ ʪʦʯʢʘʭ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʝʛʦ ʩʫʤʤʘ ʨʘʚʥʘ f(x), ʘ ʚ ʪʦʯʢʘʭ ʨʘʟʨʳʚʘ 

ʦʥʘ ʨʘʚʥʘ 
2

)0()0( ++- xfxf
. ʇʨʠ ʵʪʦʤ ʨʷʜ ʌʫʨʴʝ ʬʫʥʢʮʠʠ f(x) ʩʭʦʜʠʪʩʷ ʨʘʚʥʦʤʝʨʥʦ 

ʥʘ ʣʶʙʦʤ ʦʪʨʝʟʢʝ, ʢʦʪʦʨʳʡ ʧʨʠʥʘʜʣʝʞʠʪ ʠʥʪʝʨʚʘʣʫ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ f(x).  

 

 ʌʫʥʢʮʠʷ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʘʷ ʫʩʣʦʚʠʷʤ ʵʪʦʡ ʪʝʦʨʝʤʳ, ʥʘʟʳʚʘʝʪʩʷ ʢʫʩʦʯʥʦ ï 

ʛʣʘʜʢʦʡ ʥʘ ʦʪʨʝʟʢʝ [-p;p]. 

 

 

ʈʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʌʫʨʴʝ ʥʝʧʝʨʠʦʜʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ. 

 

 ɿʘʜʘʯʘ ʨʘʟʣʦʞʝʥʠʷ ʥʝʧʝʨʠʦʜʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ ʚ ʨʷʜ ʌʫʨʴʝ ʚ ʧʨʠʥʮʠʧʝ ʥʝ 

ʦʪʣʠʯʘʝʪʩʷ ʦʪ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʌʫʨʴʝ ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ. 

 ɼʦʧʫʩʪʠʤ, ʬʫʥʢʮʠʷ f(x) ʟʘʜʘʥʘ ʥʘ ʦʪʨʝʟʢʝ [a, b] ʠ ʷʚʣʷʝʪʩʷ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ 

ʢʫʩʦʯʥʦ ï ʤʦʥʦʪʦʥʥʦʡ. ʈʘʩʩʤʦʪʨʠʤ ʧʨʦʠʟʚʦʣʴʥʫʶ ʧʝʨʠʦʜʠʯʝʩʢʫʶ ʢʫʩʦʯʥʦ ï 

ʤʦʥʦʪʦʥʥʫʶ ʬʫʥʢʮʠʶ f1(x) c ʧʝʨʠʦʜʦʤ 2ʊ ² îb-aî, ʩʦʚʧʘʜʘʶʱʫʶ ʩ ʬʫʥʢʮʠʝʡ f(x) ʥʘ 

ʦʪʨʝʟʢʝ [a, b]. 

 

     y 

        f(x) 

 

 

 

 

   a - 2T                     a   a          b   a+2T              a + 4T             x 

 

 

 

 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʬʫʥʢʮʠʷ f(x) ʙʳʣʘ ʜʦʧʦʣʥʝʥʘ. ʊʝʧʝʨʴ ʬʫʥʢʮʠʷ f1(x) ʨʘʟʣʘʛʘʝʪʩʷ ʚ 

ʨʷʜ ʌʫʨʴʝ. ʉʫʤʤʘ ʵʪʦʛʦ ʨʷʜʘ ʚʦ ʚʩʝʭ ʪʦʯʢʘʭ ʦʪʨʝʟʢʘ [a, b] ʩʦʚʧʘʜʘʝʪ ʩ ʬʫʥʢʮʠʝʡ f(x), 

ʪ.ʝ. ʤʦʞʥʦ ʩʯʠʪʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ f(x) ʨʘʟʣʦʞʝʥʘ ʚ ʨʷʜ ʌʫʨʴʝ ʥʘ ʦʪʨʝʟʢʝ [a, b].  

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʬʫʥʢʮʠʷ f(x) ʟʘʜʘʥʘ ʥʘ ʦʪʨʝʟʢʝ, ʨʘʚʥʦʤ 2p ʥʠʯʝʤ ʥʝ 

ʦʪʣʠʯʘʝʪʩʷ ʦʪ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ. ɽʩʣʠ ʞʝ ʦʪʨʝʟʦʢ, ʥʘ ʢʦʪʦʨʦʤ 

ʟʘʜʘʥʘ ʬʫʥʢʮʠʷ,  ʤʝʥʴʰʝ, ʯʝʤ 2p, ʪʦ ʬʫʥʢʮʠʷ ʧʨʦʜʦʣʞʘʝʪʩʷ ʥʘ ʠʥʪʝʨʚʘʣ (b, a + 2p) ʪʘʢ, 

ʯʪʦ ʫʩʣʦʚʠʷ ʨʘʟʣʦʞʠʤʦʩʪʠ ʚ ʨʷʜ ʌʫʨʴʝ ʩʦʭʨʘʥʷʣʠʩʴ. 

 ɺʦʦʙʱʝ ʛʦʚʦʨʷ, ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʧʨʦʜʦʣʞʝʥʠʝ ʟʘʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʥʘ ʦʪʨʝʟʦʢ 

(ʠʥʪʝʨʚʘʣ) ʜʣʠʥʦʡ 2p ʤʦʞʝʪ ʙʳʪʴ ʧʨʦʠʟʚʝʜʝʥʦ ʙʝʩʢʦʥʝʯʥʳʤ ʢʦʣʠʯʝʩʪʚʦʤ ʩʧʦʩʦʙʦʚ, 

ʧʦʵʪʦʤʫ ʩʫʤʤʳ ʧʦʣʫʯʠʚʰʠʭʩʷ ʨʷʜʦʚ ʙʫʜʫʪ ʨʘʟʣʠʯʥʳ, ʥʦ ʦʥʠ ʙʫʜʫʪ ʩʦʚʧʘʜʘʪʴ ʩ 

ʟʘʜʘʥʥʦʡ ʬʫʥʢʮʠʝʡ f(x) ʥʘ ʦʪʨʝʟʢʝ [a,b].  

 

 

ʈʷʜ ʌʫʨʴʝ ʜʣʷ ʯʝʪʥʳʭ ʠ ʥʝʯʝʪʥʳʭ ʬʫʥʢʮʠʡ. 

  

 ʆʪʤʝʪʠʤ ʩʣʝʜʫʶʱʠʝ ʩʚʦʡʩʪʚʘ ʯʝʪʥʳʭ ʠ ʥʝʯʝʪʥʳʭ ʬʫʥʢʮʠʡ: 
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 2) ʇʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʯʝʪʥʳʭ ʠ ʥʝʯʝʪʥʳʭ ʬʫʥʢʮʠʡ ʷʚʣʷʝʪʩʷ ʯʝʪʥʦʡ ʬʫʥʢʮʠʝʡ. 

 3) ʇʨʦʠʟʚʝʜʝʥʠʝ ʯʝʪʥʦʡ ʠ ʥʝʯʝʪʥʦʡ ʬʫʥʢʮʠʡ ï ʥʝʯʝʪʥʘʷ ʬʫʥʢʮʠʷ. 

 

ʉʧʨʘʚʝʜʣʠʚʦʩʪʴ ʵʪʠʭ ʩʚʦʡʩʪʚ ʤʦʞʝʪ ʙʳʪʴ ʣʝʛʢʦ ʜʦʢʘʟʘʥʘ ʠʩʭʦʜʷ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ 

ʯʝʪʥʦʩʪʠ ʠ ʥʝʯʝʪʥʦʩʪʠ ʬʫʥʢʮʠʡ. 

 

 ɽʩʣʠ f(x) ï ʯʝʪʥʘʷ ʧʝʨʠʦʜʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ ʩ ʧʝʨʠʦʜʦʤ 2p, ʫʜʦʚʣʝʪʚʦʨʷʶʱʘʷ 

ʫʩʣʦʚʠʷʤ ʨʘʟʣʦʞʠʤʦʩʪʠ ʚ ʨʷʜ ʌʫʨʴʝ, ʪʦ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ: 
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 ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʯʝʪʥʦʡ ʬʫʥʢʮʠʠ ʨʷʜ ʌʫʨʴʝ ʟʘʧʠʩʳʚʘʝʪʩʷ: 
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 ɸʥʘʣʦʛʠʯʥʦ ʧʦʣʫʯʘʝʤ ʨʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʌʫʨʴʝ ʜʣʷ ʥʝʯʝʪʥʦʡ ʬʫʥʢʮʠʠ: 
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 ʇʨʠʤʝʨ. ʈʘʟʣʦʞʠʪʴ  ʚ ʨʷʜ ʌʫʨʴʝ ʧʝʨʠʦʜʠʯʝʩʢʫʶ ʬʫʥʢʮʠʶ 3)( xxf =  ʩ ʧʝʨʠʦʜʦʤ 

T = 2p ʥʘ ʦʪʨʝʟʢʝ [-p;p]. 

 ɿʘʜʘʥʥʘʷ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʥʝʯʝʪʥʦʡ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʢʦʵʬʬʠʮʠʝʥʪʳ ʌʫʨʴʝ 

ʠʱʝʤ ʚ ʚʠʜʝ: 
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ʇʦʣʫʯʘʝʤ: 
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 ʇʦʩʪʨʦʠʤ ʛʨʘʬʠʢʠ ʟʘʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʠ ʝʝ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʌʫʨʴʝ, 

ʦʛʨʘʥʠʯʠʚʰʠʩʴ ʧʝʨʚʳʤʠ ʯʝʪʳʨʴʤʷ ʯʣʝʥʘʤʠ ʨʷʜʘ. 
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ʈʷʜʳ ʌʫʨʴʝ ʜʣʷ ʬʫʥʢʮʠʡ ʣʶʙʦʛʦ ʧʝʨʠʦʜʘ. 

 

 ʈʷʜ ʌʫʨʴʝ ʜʣʷ ʬʫʥʢʮʠʠ f(x) ʧʝʨʠʦʜʘ ʊ = 2l, ʥʝʧʨʝʨʳʚʥʦʡ ʠʣʠ ʠʤʝʶʱʝʡ 

ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʪʦʯʝʢ ʨʘʟʨʳʚʘ ʧʝʨʚʦʛʦ ʨʦʜʘ ʥʘ ʦʪʨʝʟʢʝ [-l, l] ʠʤʝʝʪ ʚʠʜ: 
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ɼʣʷ ʯʝʪʥʦʡ ʬʫʥʢʮʠʠ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʧʝʨʠʦʜʘ ʨʘʟʣʦʞʝʥʠʝ ʚ ʨʷʜ ʌʫʨʴʝ ʠʤʝʝʪ ʚʠʜ: 

 

ñ

ñ

ä

=
p

=

=

p
+=
¤

=

l

n

l

n

n

nxdx
l

n
xf

l
a

dxxf
l

a

x
l

n
a

a
xf

0

0

0

1

0

,...2,1;cos)(
2

;)(
2

;cos
2

)(

 

 

ɼʣʷ ʥʝʯʝʪʥʦʡ ʬʫʥʢʮʠʠ: 
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ʈʷʜ ʌʫʨʴʝ ʧʦ ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʩʠʩʪʝʤʝ ʬʫʥʢʮʠʡ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʠ j(ʭ) ʠ y(ʭ), ʦʧʨʝʜʝʣʝʥʥʳʝ ʥʘ ʦʪʨʝʟʢʝ [a, b], ʥʘʟʳʚʘʶʪʩʷ 

ʦʨʪʦʛʦʥʘʣʴʥʳʤʠ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ, ʝʩʣʠ 

0)()( =yjñ
b

a

dxxx  

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʬʫʥʢʮʠʡ j1(x), j2(x), é, jn(x), ʥʝʧʨʝʨʳʚʥʳʭ 

ʥʘ ʦʪʨʝʟʢʝ [a, b], ʥʘʟʳʚʘʝʪʩʷ ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʩʠʩʪʝʤʦʡ ʬʫʥʢʮʠʡ ʥʘ ʵʪʦʤ ʦʪʨʝʟʢʝ, ʝʩʣʠ 

ʚʩʝ ʬʫʥʢʮʠʠ ʧʦʧʘʨʥʦ ʦʨʪʦʛʦʥʘʣʴʥʳ. 

jidxxx

b

a

ji ¸=jjñ ;0)()(  

 ʆʪʤʝʪʠʤ, ʯʪʦ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʴ ʬʫʥʢʮʠʡ ʥʝ ʧʦʜʨʘʟʫʤʝʚʘʝʪ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʠ 

ʛʨʘʬʠʢʦʚ ʵʪʠʭ ʬʫʥʢʮʠʡ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʉʠʩʪʝʤʘ ʬʫʥʢʮʠʡ ʥʘʟʳʚʘʝʪʩʷ ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʠ ʥʦʨʤʠʨʦʚʘʥʥʦʡ 

(ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʡ), ʝʩʣʠ 
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 ʆʧʨʝʜʝʣʝʥʠʝ. ʈʷʜʦʤ ʌʫʨʴʝ ʧʦ ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʩʠʩʪʝʤʝ ʬʫʥʢʮʠʡ j1(x), j2(x), 

é,jn(x) ʥʘʟʳʚʘʝʪʩʷ ʨʷʜ ʚʠʜʘ: 
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ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ ʦʧʨʝʜʝʣʷʶʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 
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ʛʜʝ f(x) = ä
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nn xa  - ʩʫʤʤʘ ʨʘʚʥʦʤʝʨʥʦ ʩʭʦʜʷʱʝʛʦʩʷ ʥʘ ʦʪʨʝʟʢʝ [a, b] ʨʷʜʘ ʧʦ 

ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʩʠʩʪʝʤʝ ʬʫʥʢʮʠʡ. f(x) ï ʣʶʙʘʷ ʬʫʥʢʮʠʷ, ʥʝʧʨʝʨʳʚʥʘʷ ʠʣʠ ʠʤʝʶʱʘʷ 

ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʪʦʯʝʢ ʨʘʟʨʳʚʘ ʧʝʨʚʦʛʦ ʨʦʜʘ ʥʘ ʦʪʨʝʟʢʝ [a, b]. 

 

 ɺ ʩʣʫʯʘʝ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʡ ʩʠʩʪʝʤʳ ʬʫʥʢʮʠʡ ʢʦʵʬʬʠʮʠʝʥʪʳ ʦʧʨʝʜʝʣʷʶʪʩʷ: 

ñ j=

b

a

nn dxxxfa )()(  

 

 

 ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʢʦʤʧʴʶʪʝʨʥʦʡ ʚʝʨʩʠʠ ñʂʫʨʩʘ ʚʳʩʰʝʡ ʤʘʪʝʤʘʪʠʢʠò 

ʚʦʟʤʦʞʥʦ ʟʘʧʫʩʪʠʪʴ ʧʨʦʛʨʘʤʤʫ, ʢʦʪʦʨʘʷ ʨʘʟʣʘʛʘʝʪ ʚ ʨʷʜ ʌʫʨʴʝ ʧʨʦʠʟʚʦʣʴʥʫʶ 

ʬʫʥʢʮʠʶ.  

 ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʜʚʘʞʜʳ ʱʝʣʢʥʠʪʝ ʥʘ ʟʥʘʯʢʝ 

 

 ʇʨʠʤʝʯʘʥʠʝ: ɼʣʷ ʟʘʧʫʩʢʘ ʧʨʦʛʨʘʤʤʳ ʥʝʦʙʭʦʜʠʤʦ ʯʪʦʙʳ ʥʘ ʢʦʤʧʴʶʪʝʨʝ ʙʳʣʘ 

ʫʩʪʘʥʦʚʣʝʥʘ ʧʨʦʛʨʘʤʤʘ Maple (Ò Waterloo Maple Inc.) ʣʶʙʦʡ ʚʝʨʩʠʠ, ʥʘʯʠʥʘʷ ʩ MapleV 

Release 4. 

 

 

 

 

ʀʥʪʝʛʨʘʣ ʌʫʨʴʝ. 

 

 ʇʫʩʪʴ ʬʫʥʢʮʠʷ f(x) ʥʘ ʢʘʞʜʦʤ ʦʪʨʝʟʢʝ [-l,l], ʛʜʝ l ï ʣʶʙʦʝ ʯʠʩʣʦ, ʢʫʩʦʯʥʦ ï 

ʛʣʘʜʢʘʷ ʠʣʠ ʢʫʩʦʯʥʦ ï ʤʦʥʦʪʦʥʥʘʷ, ʢʨʦʤʝ ʪʦʛʦ, f(x) ï ʘʙʩʦʣʶʪʥʦ ʠʥʪʝʛʨʠʨʫʝʤʘʷ 

ʬʫʥʢʮʠʷ, ʪ.ʝ. ʩʭʦʜʠʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʡ ʠʥʪʝʛʨʘʣ 

ñ
¤

¤-

dxxf )(  

 

 ʊʦʛʜʘ ʬʫʥʢʮʠʷ f(x) ʨʘʟʣʘʛʘʝʪʩʷ ʚ ʨʷʜ ʌʫʨʴʝ: 
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ɽʩʣʠ ʧʦʜʩʪʘʚʠʪʴ ʢʦʵʬʬʠʮʠʝʥʪʳ ʚ ʬʦʨʤʫʣʫ ʜʣʷ f(x), ʧʦʣʫʯʠʤ: 
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ʄʦʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʧʨʝʜʝʣ ʩʫʤʤʳ, ʩʪʦʷʱʠʡ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʨʘʚʝʥ ʠʥʪʝʛʨʘʣʫ 

ññ
¤

¤-

¤

- dtxtutfdu )(cos)(
0

 

ʊʦʛʜʘ 
p
=

1
)(xf ññ

¤

¤-

¤

- dtxtutfdu )(cos)(
0

 - ʜʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʌʫʨʴʝ. 

 

 

 

ʆʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʘʝʤ: 
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- ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʬʫʥʢʮʠʠ f(x) ʠʥʪʝʛʨʘʣʦʤ ʌʫʨʴʝ. 

 

 

 ɼʚʦʡʥʦʡ ʠʥʪʝʛʨʘʣ ʌʫʨʴʝ ʜʣʷ ʬʫʥʢʮʠʠ f(x) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʢʦʤʧʣʝʢʩʥʦʡ 

ʬʦʨʤʝ: 
 

 

ññ
¤

¤-

-

¤

¤-
p

= dtetfduxf txiu )()(
2

1
)(  

 

 

 

 

ʇʨʝʦʙʨʘʟʦʚʘʥʠʝ ʌʫʨʴʝ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ f(x) ï ʣʶʙʘʷ ʘʙʩʦʣʶʪʥʦ ʠʥʪʝʛʨʠʨʫʝʤʘʷ ʥʘ ʚʩʝʡ ʯʠʩʣʦʚʦʡ ʦʩʠ 

ʬʫʥʢʮʠʷ, ʥʝʧʨʝʨʳʚʥʘʷ ʠʣʠ ʠʤʝʶʱʘʷ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʪʦʯʝʢ ʨʘʟʨʳʚʘ ʧʝʨʚʦʛʦ ʨʦʜʘ ʥʘ 

ʢʘʞʜʦʤ ʦʪʨʝʟʢʝ, ʪʦ ʬʫʥʢʮʠʷ 
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¤-

-= dxexfuF iux)()(  

ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝʤ ʌʫʨʴʝ ʬʫʥʢʮʠʠ f(x).  

 ʌʫʥʢʮʠʷ F(u) ʥʘʟʳʚʘʝʪʩʷ ʪʘʢʞʝ ʩʧʝʢʪʨʘʣʴʥʦʡ ʭʘʨʘʢʪʝʨʠʩʪʠʢʦʡ ʬʫʥʢʮʠʠ f(x). 

 

 ɽʩʣʠ f(x) ï ʬʫʥʢʮʠʷ, ʧʨʝʜʩʪʘʚʠʤʘʷ ʠʥʪʝʛʨʘʣʦʤ ʌʫʨʴʝ, ʪʦ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ: 
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ʕʪʦ ʨʘʚʝʥʩʪʚʦ ʥʘʟʳʚʘʝʪʩʷ ʦʙʨʘʪʥʳʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝʤ ʌʫʨʴʝ 

 

ʀʥʪʝʛʨʘʣʳ ñ
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cos)(
2

)( uxdxxfuF   ʠ ñ
¤

p
=

0

sin)(
2

)( uxdxxfuF  ʥʘʟʳʚʘʶʪʩʷ 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʢʦʩʠʥʫʩ - ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʌʫʨʴʝ ʠ ʩʠʥʫʩ ï ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʌʫʨʴʝ. 

 

 ʂʦʩʠʥʫʩ ï ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʌʫʨʴʝ ʙʫʜʝʪ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝʤ ʌʫʨʴʝ ʜʣʷ ʯʝʪʥʳʭ 

ʬʫʥʢʮʠʡ, ʩʠʥʫʩ ï ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ï ʜʣʷ ʥʝʯʝʪʥʳʭ. 

 ʇʨʝʦʙʨʘʟʦʚʘʥʠʝ ʌʫʨʴʝ ʧʨʠʤʝʥʷʝʪʩʷ ʚ ʬʫʥʢʮʠʦʥʘʣʴʥʦʤ ʘʥʘʣʠʟʝ, ʛʘʨʤʦʥʠʯʝʩʢʦʤ 

ʘʥʘʣʠʟʝ, ʦʧʝʨʘʮʠʦʥʥʦʤ ʠʩʯʠʩʣʝʥʠʠ, ʪʝʦʨʠʠ ʣʠʥʝʡʥʳʭ ʩʠʩʪʝʤ ʠ ʜʨ. 

 

 

 

 

ʕʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ʬʫʥʢʮʠʡ ʢʦʤʧʣʝʢʩʥʦʛʦ ʧʝʨʝʤʝʥʥʦʛʦ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɽʩʣʠ ʢʘʞʜʦʤʫ ʢʦʤʧʣʝʢʩʥʦʤʫ ʯʠʩʣʫ z ʠʟ ʥʝʢʦʪʦʨʦʛʦ ʤʥʦʞʝʩʪʚʘ D 

ʧʦ ʥʝʢʦʪʦʨʦʤʫ ʟʘʢʦʥʫ ʧʦʩʪʘʚʣʝʥʦ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʦʧʨʝʜʝʣʝʥʥʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠʟ 

ʤʥʦʞʝʩʪʚʘ G, ʪʦ ʥʘ ʵʪʦʡ ʦʙʣʘʩʪʠ ʟʘʜʘʥʘ ʦʜʥʦʟʥʘʯʥʘʷ ʬʫʥʢʮʠʷ ʢʦʤʧʣʝʢʩʥʦʛʦ 

ʧʝʨʝʤʝʥʥʦʛʦ, ʦʪʦʙʨʘʞʘʶʱʘʷ ʤʥʦʞʝʩʪʚʦ D ʥʘ ʤʥʦʞʝʩʪʚʦ G. 

w = f(z) 

 ʄʥʦʞʝʩʪʚʦ D ʥʘʟʳʚʘʝʪʩʷ ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ, ʤʥʦʞʝʩʪʚʦ G ï ʦʙʣʘʩʪʴʶ 

ʟʥʘʯʝʥʠʡ ʬʫʥʢʮʠʠ. 
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 ʂʦʤʧʣʝʢʩʥʫʶ ʬʫʥʢʮʠʶ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ: 

),(),()( yxivyxuzfw +==  

)(Im),(

)(Re),(

zfyxv

zfyxu

=

=
 

u, v ï ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʬʫʥʢʮʠʠ ʦʪ ʧʝʨʝʤʝʥʥʳʭ ʭ ʠ ʫ. 

 

 ɽʩʣʠ ʢʘʞʜʦʤʫ zÍ D ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʥʝʩʢʦʣʴʢʦ ʨʘʟʣʠʯʥʳʭ ʟʥʘʯʝʥʠʡ w, ʪʦ ʬʫʥʢʮʠʷ 

w=f(z) ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʛʦʟʥʘʯʥʦʡ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ),(),()( yxivyxuzfw +==  ʠʤʝʝʪ ʧʨʝʜʝʣ ʚ ʪʦʯʢʝ z0, 

ʨʘʚʥʳʡ ʯʠʩʣʫ ɸ = a + ib, ʝʩʣʠ 0)(lim
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Azf
zz

 

.)(lim
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Azf
zz
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ʉʚʦʡʩʪʚʘ ʬʫʥʢʮʠʡ ʢʦʤʧʣʝʢʩʥʦʛʦ ʧʝʨʝʤʝʥʥʦʛʦ. 

 

 ɼʣʷ ʬʫʥʢʮʠʡ ʢʦʤʧʣʝʢʩʥʦʛʦ ʧʝʨʝʤʝʥʥʦʛʦ f(z) ʠ g(z) ʩʧʨʘʚʝʜʣʠʚʳ ʩʣʝʜʫʶʱʠʝ 

ʩʚʦʡʩʪʚʘ: 
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 ʆʧʨʝʜʝʣʝʥʠʝ. ʌʫʥʢʮʠʷ ),(),()( yxivyxuzfw +==  ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʚ 

ʪʦʯʢʝ z0, ʝʩʣʠ ʚʳʧʦʣʥʷʝʪʩʷ ʨʘʚʝʥʩʪʚʦ 

)()(lim 0
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ʆʩʥʦʚʥʳʝ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʝ ʬʫʥʢʮʠʠ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ʊʨʘʥʩʮʝʥʜʝʥʪʥʳʤʠ ʥʘʟʳʚʘʶʪʩʷ ʘʥʘʣʠʪʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ, 

ʢʦʪʦʨʳʝ ʥʝ ʷʚʣʷʶʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤʠ. 

 

 ɽʩʣʠ ʘʨʛʫʤʝʥʪʦʤ ʧʦʢʘʟʘʪʝʣʴʥʦʡ ʠʣʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʬʫʥʢʮʠʡ ʷʚʣʷʝʪʩʷ 

ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ, ʪʦ ʦʧʨʝʜʝʣʝʥʠʝ ʵʪʠʭ ʬʫʥʢʮʠʡ, ʚʚʦʜʠʤʦʝ ʚ ʵʣʝʤʝʥʪʘʨʥʦʡ ʘʣʛʝʙʨʝ 

ʪʝʨʷʝʪ ʩʤʳʩʣ. 

 

 ʈʘʩʩʤʦʪʨʠʤ ʨʘʟʣʦʞʝʥʠʝ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʩʣʝʜʫʶʱʠʭ ʬʫʥʢʮʠʡ: 
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 ʉʤ. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʬʫʥʢʮʠʡ ʧʦ ʬʦʨʤʫʣʝ ʊʝʡʣʦʨʘ. 

 

 ʌʫʥʢʮʠʠ e
z
, cosz, sinz ʩʚʷʟʘʥʳ ʤʝʞʜʫ ʩʦʙʦʡ ʬʦʨʤʫʣʦʡ ʕʡʣʝʨʘ (ʩʤ. ʋʨʘʚʥʝʥʠʝ 

ʕʡʣʝʨʘ.) ʕʪʘ ʬʦʨʤʫʣʘ ʤʦʞʝʪ ʙʳʪʴ ʦʯʝʥʴ ʣʝʛʢʦ ʧʦʣʫʯʝʥʘ ʩʣʦʞʝʥʠʝʤ ʩʦʦʪʚʝʩʪʚʫʶʱʠʭ 

ʨʷʜʦʚ. 
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 ɼʣʷ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʬʫʥʢʮʠʡ ʢʦʤʧʣʝʢʩʥʦʛʦ ʘʨʛʫʤʝʥʪʘ ʩʧʨʘʚʝʜʣʠʚʳ 

ʦʩʥʦʚʥʳʝ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʝ ʪʦʞʜʝʩʪʚʘ (ʩʠʥʫʩ ʠ ʢʦʩʠʥʫʩ ʩʫʤʤʳ, ʨʘʟʥʦʩʪʠ ʠ ʪ.ʜ.), 

ʢʦʪʦʨʳʝ ʩʧʨʘʚʝʜʣʠʚʳ ʜʣʷ ʬʫʥʢʮʠʡ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ ʘʨʛʫʤʝʥʪʘ. 

 

 ʆʧʨʝʜʝʣʝʥʠʝ. ɻʠʧʝʨʙʦʣʠʯʝʩʢʠʤ ʩʠʥʫʩʦʤ, ʢʦʩʠʥʫʩʦʤ, ʪʘʥʛʝʥʩʦʤ ʠ 

ʢʦʪʘʥʛʝʥʩʦʤ ʥʘʟʳʚʘʶʪʩʷ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʬʫʥʢʮʠʠ: 

 

 

 

 ɻʠʧʝʨʙʦʣʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ ʤʦʛʫʪ ʙʳʪʴ ʚʳʨʘʞʝʥʳ ʯʝʨʝʟ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʝ: 

 

 

 

 ɻʠʧʝʨʙʦʣʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ sh z ʠ ch z ʠʤʝʶʪ ʧʝʨʠʦʜ 2pi, ʘ ʬʫʥʢʮʠʠ th z ʠ cth z ï 

ʧʝʨʠʦʜ pi. 

 

 ʇʨʠʤʝʨ. ʅʘʡʪʠ sin(1+2i). 
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